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Abstract—Failure time models correcting for heterogeneity are
used to explain the length of participation in a risky career.
Using data from the National Football League, first we employ
a class of techniques which ignore unobserved heterogeneity;
hence these methods impose severe restrictions on the esti-
mated hazard. We then examine a second class of techniques
which correct for unobservables and thereby allow greater
flexibility in the estimated hazard. Within this second class, we
find that the estimated hazard using the Burr-12 density is
much more accurate than densities in the first class, which
include the exponential and Weibull. We expect that this
density could be employed to successfully explain career dura-
tion in other high-risk, high-stress careers as well.

I. Introduction

NLY recently, statistical models explaining

duration data have been applied to explain
the length of time in employment and non-employ-
ment spells and unemployment.! In this paper we
consider the characteristics of the set of models
available to explain single spell employment data.
Using these models, we then estimate determi-
nants of labor duration in risky careers, where
early retirement is common and immediate pen-
sions may be available. Risky careers such as
those found in police and fire protection, the
military, air traffic control, and professional sports
comprise an important segment of our labor force.
Despite this, very little theoretical or empirical
analysis has been performed on this sector.?

We determine the importance of covariates in
explaining risky career duration with maximum
likelihood estimation (MLE) of two classes of
increasingly flexible density functions, both of
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! See Flinn and Heckman (1982a) on employment and non-
employment spells and see Butler and Worrall (1985), Flinn
and Heckman (1982b), Kiefer and Neumann (1979), Nickell
(1979), and Lancaster (1979) on unemployment.

2 De Vany and Saving (1982) develop and test a theoretical
model of demand and supply for entry level jobs in the Air
Force. We refer to their work further below. Warner and
Goldberg (1984) study reenlistments in the Navy to test how
non-pecuniary factors influence retirement. Neither set of
authors employs the time-to-failure methodologies used herein.
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which incorporate censoring. The first class of
techniques postulates duration distributions which
ignore the problem of omitted explanatory vari-
ables, i.e., unobserved heterogeneity. Within this
class we estimate two parametric likelihoods based
on the exponential and Weibull densities and the
non-parametric likelihood of Cox (1972). Due to
the potential bias from this procedure, we con-
sider a second class of distributions called mixture
distributions. We employ two procedures to con-
struct continuous and finite mixtures.

We use these techniques to explain career dura-
tion with data on injuries, individual and team
performance, education, race, and position for 260
National Football League (NFL) players active
from 1971-80. We find that the Burr-12 continu-
ous mixture distribution produces a far more ac-
curate fit of the upside-down bathtub (UBT)-
shaped empirical hazard function than models
which ignore unobservables, and that the finite
mixture distributions we estimated were inferior.
An UBT hazard over time typically describes
accelerated life testing in which test items are
subjected to abnormally high stress levels (Glaser,
1980). Consistent with our priors, the empirical
analysis indicates that NFL players are subjected
to a form of accelerated life testing.

The remainder of the paper is organized as
follows. In part II the classes of duration models
and their properties are developed. Data and re-
sults of the empirical estimation are presented in
part III. The conclusion follows in part IV.

II. Econometric Models

Two basic approaches can be taken in explain-
ing duration data with MLE methods. Under the
first, the possibility of omitted regressors or unob-
served heterogeneity is ignored. One then chooses
among standard parametric densities such as the
exponential or Weibull, or the non-parametric Cox
(1972) marginal likelihood to characterize dura-
tion data. However, Lancaster (1979), Nickell
(1979), and Heckman and Singer (1982, 1984)
indicate that uncorrected heterogeneity results in
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biased coefficients, and in particular can result in
negative duration dependence in models with no
duration dependence at the individual level. That
is, the estimated hazard falls more rapidly or rises
less rapidly than it would under corrected hetero-
geneity.

Under the second approach, heterogeneity is
controlled for, so that estimation can be made free
of such heterogeneity bias. The only feasible
method for single-spell data, such as duration in
risky careers, is the random effect method
(Heckman and Singer, 1982). We define a mixture
probability density function (pfd) of T, where T is
a nonnegative, continuous random variable repre-
senting career length, as

g(t) = [£(z;0) a (o), (1)

where f(z; 8) is the pdf of T conditional on an
unobserved heterogeneity component, 8, an m-
dimensional parameter vector whose cumulative
distribution function (cdf) is H(0) with pdf 4(0).
H is called the mixing distribution.

Heckman and Singer (1982, 1984) found that a
more flexible “non-parametric” finite mixture of
Weibull distributions is more consistent with the-
ory than when normal, log normal, and gamma
heterogeneity are combined with a Weibull den-
sity for duration times to form mixture densities.
When H is discrete and assigns positive probabil-
ity to only a finite number of points (8, v =
1,..., b), we replace the integral in (1) with a sum
to yield a finite mixture

g(t) = éHu(ﬂu)f(t; 0,). @

Estimation of a mixture density in (1) requires
choosing a continuous parametric distribution for
the unobservables which is then mixed with f(z; 0)
by integrating out the random variables repre-
senting the unobservables. Estimation of a finite
mixture in (2) requires choosing b, H,(6,), and
f(z; 6,). MLE is employed to estimate the parame-
ters of both types of mixtures.

A. Preliminaries

Let all functions be defined over the interval
[0, o0). Since f(¢) is defined as the pdf of T in (1),
the probability of an individual surviving until
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time ¢ is given by the survivor function
S(t) = P(T=1) = [ f(x) dx,
t

where S(0) = 1 and lim
T is then

f(t)=d(1 — S(¢))/dt = —dS(t)/dr.  (4)
The hazard function specifies the instantaneous

rate of failure at T = ¢ conditional upon survival
to time ¢ and is defined as

A(t) = f(2)/5(2). (5)
With some manipulation, the pdf of T can also be
written as

£li)= x(t)exp(-/o’x(u) du).

(3)
S(t) = 0. The pdf of

t— o0

(6)

B. Uncorrected Heterogeneity

A number of densities which ignore population
heterogeneity have been used repeatedly to char-
acterize failure times in the engineering and bio-
statistics literature (see Lawless, 1982). The
Weibull pdf for time-to-failure of a career is

£(2) = (e/w)(t/w) lexp[ = (t/w)), (7)
where p and ¢ are parameters affecting the scale
and shape of f(t), respectively. Now express In p
= y(z), so that p = exp[y(z)] is a positive-valued
function of z, a 1 X k vector of observations on k
covariates. If welet f=1Int¢, 6 = ¢}, and y(z) =
zP, where B is an unknown k X 1 vector of re-
gression coefficients, we can write

f=1zB + ow,

®)
where w has a standard extreme-value distribu-
tion with

f(w) = exp(w —e¥),
and

S(w) = exp(—e”). (10)

Least squares estimation of (8) is frequently
inefficient compared to MLE methods. The likeli-
hood of observing the log duration times for all »
individuals is

L(Bo) = TT[o Y (w)]*sw)' ™, (1)

where ¢, = 0 or 1 if the i™® individual is censored
or retires, respectively.

—o<w<ow (9)
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The hazard function derived from (7) in terms
of ¢ is

A(2) = (c/2B)(t/28) 7, (12)
which implies that the hazard is monotone increas-
ing, constant, or decreasing over time for ¢ > 1,
¢ =1, or ¢ <1, respectively. To obtain the ex-
ponential density, let 6 = ¢~! = 1 in (7)—-(12). For
the Weibull pdf in (7), expressing p as a function
of z independent of ¢, while ¢ is independent of z
and ¢, implies proportional hazards among dura-
tions of individual careers and a constant variance
of the log duration of careers.

Parametric regressions involving Weibull or ex-
ponential proportional hazards models may make
unwarranted assumptions regarding the hazard.
The hazard may not be monotone increasing or
decreasing as in the Weibull model or constant as
in the exponential model. The Cox partially non-
parametric proportional hazards model does not
require that the hazard be monotone over time.
Unfortunately, the benefit of this added flexibility,
reduced bias relative to the more restrictive
Weibull and exponential models, is accompanied
by small to moderate decreases in efficiency.?

The Cox proportional hazards model specifies
that

A(t;2,) = >‘o(t)ez'a, (13)

where A,(¢) is an arbitrary unspecified base-line
hazard function for continuous ¢. The likelihood
function for this model is given in Breslow (1974).

All three proportional hazards regression mod-
els can be generalized to time-dependent covariate
models where the regression variables comprising
z; depend on time itself (see Lawless, 1982). Thus,
the hazards of two events can vary in a non-pro-
portional fashion over time, since the hazard be-
comes a function of time interacting with specified
covariates.

C. Correcting for Unobservables

We correct for unobserved heterogeneity by first
examining mixture densities and then finite mix-
tures. Many cdfs could be assumed for H(#) in
(1). We examine a mixture density of durations
called the Beta-P, Singh-Maddala, or Burr-12

3 See Lawless (1982).
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which combines the Weibull pdf for T with the
gamma pdf for @, the latter of which is a very
flexible density. The Burr-12 pdf is computa-
tionally tractable since it yields closed form solu-
tions for f(¢) and S(z). From the Weibull pdf for
T in (7) we obtain

f(2) = cOrc Yexp(—0¢°), (14)
where @ = p~¢. Assuming # has the gamma pdf
h(8) = 8767"1e%/T(p) (15)

where 6, p, and 8 are positive, we obtain from (1),
after integrating out 6, manipulating, and letting
0¢=23,

g(t) = perT 1§71 + (¢/8)] 7" (16)
and
G(t) = [1+ (/8)]7, (17)

where G(t) is the survivor function.® To insure
§ > 0, we let § = exp(zB). The likelihood is con-
structed analogously to (11). The hazard function
for the Burr-12 distribution can be derived from
(16)-(17) as

A1) = g(1)/G(2)
= pet< 61 + (¢/8)] 7, (18)

which is monotonically decreasing for ¢ <1 and
assumes an UBT shape for ¢ > 1.

Finally, we examine finite mixtures under
censoring. We first construct a mixture of Weibull
pdf’s for the log duration time, without imposing
restrictions on parameters across mixtures. The
likelihood for n individuals is

n b
L(B,0,8) = TT IT{Z0[o(wii Boo)
i=1v=1\ 4,
+S(W,~; Bv» ou)l_&]}’
(19)
where the constraint 26, =1 is imposed. Sub-
stituting (9) and (10) into (19) yields the Weibull

finite mixture. The Burr-12 finite mixture is con-
structed analogously.

4 See McDonald (1984). Also while the Burr-12 is consistent
with a mixture, it does not imply a mixture.
5 Details are available from the authors upon request.
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