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Abstract

A LDP is proved for the inviscid shell model of turbulence. As the viscosity coefficient v converges
to 0 and the noise intensity is multiplied by /v, we prove that some shell models of turbulence
with a multiplicative stochastic perturbation driven by a H-valued Brownian motion satisfy a
LDP in %4 ([0, T], V) for the topology of uniform convergence on [0, T], but where V is endowed
with a topology weaker than the natural one. The initial condition has to belong to V and the
proof is based on the weak convergence of a family of stochastic control equations. The rate
function is described in terms of the solution to the inviscid equation.
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1 Introduction

Shell models, from E.B. Gledzer, K. Ohkitani, M. Yamada, are simplified Fourier systems with re-
spect to the Navier-Stokes ones, where the interaction between different modes is preserved only
between nearest neighbors. These are some of the most interesting examples of artificial models of
fluid dynamics that capture some properties of turbulent fluids like power law decays of structure
functions.

There is an extended literature on shell models. We refer to K. Ohkitani and M. Yamada [25],
V. S. Lvov, E. Podivilov, A. Pomyalov, I. Procaccia and D. Vandembroucq [21], L. Biferale [3] and
the references therein. However, these papers are mainly dedicated to the numerical approach and
pertain to the finite dimensional case. In a recent work by P Constantin, B. Levant and E. S. Titi
[11], some results of regularity, attractors and inertial manifolds are proved for deterministic infinite
dimensional shells models. In [12] these authors have proved some regularity results for the inviscid
case. The infinite-dimensional stochastic version of shell models have been studied by D. Barbato,
M. Barsanti, H. Bessaih and E Flandoli in [1] in the case of an additive random perturbation. Well-
posedeness and apriori estimates were obtained, as well as the existence of an invariant measure.
Some balance laws have been investigated and preliminary results about the structure functions
have been presented.

The more general formulation involving a multiplicative noise reads as follows
du(t)+ [vAu(t) + B(u(t),u(t))]dt = o(t,u(t))dW,, u(0)=E.

driven by a Hilbert space-valued Brownian motion W. It involves some similar bilinear operator B
with antisymmetric properties and some linear "second order" (Laplace) operator A which is regu-
larizing and multiplied by some non negative coefficient v which stands for the viscosity in the usual
hydro-dynamical models. The shell models are adimensional and the bilinear term is better behaved
than that in the Navier Stokes equation. Existence, uniqueness and several properties were studied
in [1] in the case on an additive noise and in [10] for a multiplicative noise in the "regular" case of
a non-zero viscosity coefficient which was taken constant.

Several recent papers have studied a Large Deviation Principle (LDP) for the distribution of the
solution to a hydro-dynamical stochastic evolution equation: S. Sritharan and P Sundar [27] for
the 2D Navier Stokes equation, J. Duan and A. Millet [16] for the Boussinesq model, where the
Navier Stokes equation is coupled with a similar nonlinear equation describing the temperature
evolution, U. Manna, S. Sritharan and P Sundar [22] for shell models of turbulence, I. Chueshov and
A. Millet [10] for a wide class of hydro-dynamical equations including the 2D Bénard magneto-hydro
dynamical and 3D a-Leray Navier Stokes models, A.Du, J. Duan and H. Gao [15] for two layer quasi-
geostrophic flows modeled by coupled equations with a bi-Laplacian. All the above papers consider
an equation with a given (fixed) positive viscosity coefficient and study exponential concentration
to a deterministic model when the noise intensity is multiplied by a coefficient /€ which converges
to 0. All these papers deal with a multiplicative noise and use the weak convergence approach of
LDE based on the Laplace principle, developed by P Dupuis and R. Ellis in [17]. This approach
has shown to be successful in several other infinite-dimensional cases (see e.g. [4], [5], [20]) and
differ from that used to get LDP in finer topologies for quasi-linear SPDEs, such as [26], [9], [7],
[8]. For hydro-dynamical models, the LDP was proven in the natural space of trajectories, that is
%([0,T],H) N L?([0,T],V), where roughly speaking, H is L? and V = Dom(A%) is the Sobolev
space H f with proper periodicity or boundary conditions. The initial condition & only belongs to H.
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The aim of this paper is different. Indeed, the asymptotics we are interested in have a physical
meaning, namely the viscosity coefficient v converges to 0. Thus the limit equation, which corre-
sponds to the inviscid case, is much more difficult to deal with, since the regularizing effect of the
operator A does not help anymore. Thus, in order to get existence, uniqueness and apriori estimates
to the inviscid equation, we need to start from some more regular initial condition & € V, to impose
that (B(u,u),Au) = 0 for all u regular enough (this identity would be true in the case on the 2D
Navier Stokes equation under proper periodicity properties); note that this equation is satisfied in
the GOY and Sabra shell models of turbulence under a suitable relation on the coefficients a, b and
u stated below. Furthermore, some more conditions on the diffusion coefficient are required as well.
The intensity of the noise has to be multiplied by /v for the convergence to hold.

The technique is again that of the weak convergence. One proves that given a family (h, ) of random
elements of the RKHS of W which converges weakly to h, the corresponding family of stochastic con-
trol equations, deduced from the original ones by shifting the noise by %, converges in distribution
to the limit inviscid equation where the Gaussian noise W has been replaced by h. Some apriori
control of the solution to such equations has to be proven uniformly in v > 0 for "small enough"
v. Existence and uniqueness as well as apriori bounds have to be obtained for the inviscid limit
equation. Some upper bounds of time increments have to be proven for the inviscid equation and
the stochastic model with a small viscosity coefficient; they are similar to that in [16] and [10]. The
LDP can be shown in 4([0,T],V) for the topology of uniform convergence on [0, T], but where
V is endowed with a weaker topology, namely that induced by the H norm. More generally, under
some slight extra assumption on the diffusion coefficient o, the LDP is proved in ¢ ([0, T], V) where
V is endowed with the norm || - ||, := |JA%*(-)|g for 0 < a < }‘. The natural case o = % is out of reach
because the inviscid limit equation is much more irregular. Indeed, it is an abstract equivalent of
the Euler equation. The case a = 0 corresponds to H and then no more condition on o is required.
The case a = }‘ is that of an interpolation space which plays a crucial role in the 2D Navier Stokes
equation. Note that in the different context of a scalar equation, M. Mariani [23] has also proved
a LDP for a stochastic PDE when a coefficient ¢ in front of a deterministic operator converges to 0
and the intensity of the Gaussian noise is multiplied by 1/e. However, the physical model and the
technique used in [23] are completely different from ours.

The paper is organized as follows. Section 2 gives a precise description of the model and proves
apriori bounds for the norms in ¢ ([0, T],H) and L?([0,T],V) of the stochastic control equations
uniformly in the viscosity coefficient v €]0,v,] for small enough v,. Section 3 is mainly devoted to
prove existence, uniqueness of the solution to the deterministic inviscid equation with an external
multiplicative impulse driven by an element of the RKHS of W, as well as apriori bounds of the
solution in ¥([0, T],V) when the initial condition belong to V and under reinforced assumptions
on o. Under these extra assumptions, we are able to improve the apriori estimates of the solution
and establish them in ¢ ([0,T],V) and L%([0,T],Dom(A)). Finally the weak convergence and
compactness of the level sets of the rate function are proven in section 4; they imply the LDP in
%([0,T],V) where V is endowed with the weaker norm associated with A* for any value of a with
0<a<g.

The LDP for the 2D Navier Stokes equation as the viscosity coefficient converges to 0 will be studied
in a forthcoming paper.

We will denote by C a constant which may change from one line to the next, and C(M) a constant
depending on M.
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2 Description of the model

2.1 GOY and Sabra shell models

Let H be the set of all sequences u = (uy,u,,...) of complex numbers such that Zn lu,|?> < co. We
consider H as a real Hilbert space endowed with the inner product (-, ) and the norm |- | of the form

(W,v)=Re > u,vi, =) |yl @.1)

n>1 n>1

where v} denotes the complex conjugate of v,,. Let ky > 0, u > 1 and for every n > 1, set k, = ko u".
Let A: Dom(A) C H — H be the non-bounded linear operator defined by

(Au), = k%un, n=1,2,..., Dom(A) = {u €H : zlkﬁlunl2 < oo}.

n>1

The operator A is clearly self-adjoint, strictly positive definite since (Au,u) > k(2)|u|2 for u € Dom(A).
For any a > 0, set

A, =Dom(A") ={ueH : Y ki*u,|* < +oo}, |[ul2 =D ki“|u,[? for u e ,. 2.2)

n=1 n>1

Let #, = H,

V= Dom(A%) = {u €H : Xlkﬁlunl2 < —l—oo}; also set s = 1, ||ull» = |lull1.
4 4

n>1

Then V (as each of the spaces £, is a Hilbert space for the scalar product (u, v)y =Re() . kﬁ u, vy,),
u,v € V and the associated norm is denoted by

lalf? = K2 fu |2 (2.3)

n>1

The adjoint of V with respect to the H scalar product is V' = {(u,) € C" : an1 k;Z lu,|? < 400}
and V C H Cc V' is a Gelfand triple. Let (u, v) =Re (anl u, v:) denote the duality between u € V
and v € V'. Clearly for 0 < a < 8, u € #P and v € V we have

4 —
2 < kg P lull?, and (V]I < vl vl 2.4)

where the last inequality is proved by the Cauchy-Schwarz inequality.

Setu_; =uy =0, leta, b bereal numbersand B: HxV — H (or B : V XxH — H) denote the bilinear
operator defined by

[B(u,v)], =—i (al<n+1u:+1v;‘;r2 + bkyuy_(vii o, —aky_qUy (Vi — bkn_luz_zv:_l) (2.5)
forn=1,2,... in the GOY shell-model (see, e.g., [25]) or
[B(u,v)], =—i (aknJrlu;kH_1 Vigo + bkl v +aky v, o+ bkn_lun_zvn_l) , (2.6)

in the Sabra shell model introduced in [21].
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Note that B can be extended as a bilinear operator from H x H to V’ and that there exists a constant
C > 0 such that given u,v € H and w € V we have

(B, v), W)+ (B(w, ), v) [+ | (Bw,w), )| < C lul vl Il @.7)
An easy computation proves that for u,v € H and w € V (resp. v,w € H and u € V),
(B(u,v), w) = —(B(u,w), v) (resp. (B(u,v),w)=—(Bu,w),v)). (2.8)
Furthermore, B: V XV — V and B : ## X s — H; indeed, for u,v € V (resp. u,v € #) we have

1B, 2 =" k2 B, v),|* < C llull® supk2[v,[* < C Jul® V]I, (2.9)
n

n>1

1B(u, v)| < Cllull s [[v]] -

For u,v in either H, 5 or V, let B(u) := B(u,u). The anti-symmetry property (2.8) implies that
[(B(u1) — B(uz), uy —uz)y| = [(B(uy — up),up)y| for uy,u; € Vand [(B(uy) — B(uy), up —up)| =
[(B(u; —uy),uy)| for u; € H and u, € V. Hence there exist positive constants C; and C, such that

|(B(u1) —B(up), uy — o)yl < Cylluy —usll® llugll, Vug,up €V, (2.10)
[(B(u1) = B(up), uy —up)| < Cyluy — U2|2 lluall, Vuy € H,Vuy € V. (2.11)

Finally, since B is bilinear, Cauchy-Schwarz’s inequality yields for any a € [0, %], u,vev:

| (A*B(w) —A*B(v), A%(u—v)) | < | (A*B(u —v,u) +A*B(v,u —v), A%*(u—v)) |
< Cllu—=vIIZ (lull + lIvID. (2.12)

In the GOY shell model, B is defined by (2.5); for any u € V, Au € V' we have

(B(u,u),Au) = Re( - iZu’r‘l Uy 4 uz+2u3”+1) kg(a + bu? — au* — bu*).

n>1

Since u # 1,
a(14+u®)+bu?=0 ifandonlyif (B(u,u),Au)=0,YueV. (2.13)

On the other hand, in the Sabra shell model, B is defined by (2.6) and one has foru € V,

(B(u,u), Au) = kgRe( — iZuB”H [(a +b ,uz)ui Up g Upyo +(a+ b)utu, Uy uLZ] )

n>1

Thus (B(u, u),Au) = 0 for every u € V if and only if a + bu? = (a + b)u* and again u # 1 shows that
(2.13) holds true.

2.2 Stochastic driving force

Let Q be a linear positive operator in the Hilbert space H which is trace class, and hence compact.
1
Let Hy = Q2H; then H, is a Hilbert space with the scalar product

(6,90 = (Q 2,Q 24p), Vb, € Hy,
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together with the induced norm |- |y = 4/(:,-)o- The embedding i : Hy, — H is Hilbert-Schmidt
and hence compact, and moreover, i i* = Q. Let Lo = Lo(H,,H) be the space of linear operators

S : Hy — H such that SQ% is a Hilbert-Schmidt operator from H to H. The norm in the space L, is
defined by |S |%Q = tr(SQS™), where S* is the adjoint operator of S. The L,-norm can be also written

in the form

12 = tr([SQY?1[SQ?1) = Y |1SQ 4y 2 = D 1 I1SQY 2Ty 2 (2.14)

k>1 k>1
for any orthonormal basis {1, } in H, for example (y;), = 6 ﬁ

Let W(t) be a Wiener process defined on a filtered probability space (22, &, (Z,), P), taking values in
H and with covariance operator Q. This means that W is Gaussian, has independent time increments
and that fors,t >0, f,g €H,

E(W(s),f)=0 and EW(s),IW(t),g)= (s At)(Qf,8).

Let 3; be standard (scalar) mutually independent Wiener processes, {e;} be an orthonormal basis in
H consisting of eigen-elements of Q, with Qe; = g;e;. Then W has the following representation

W(t)= lim W,(6) in L2(Q;H) with W,(t) = > @B, (2.15)

1<j<n

and Trace(Q) =D j>14;- For details concerning this Wiener process see e.g. [13].

Given a viscosity coefficient v > 0, consider the following stochastic shell model
dou(t) + [vAu(t) +Bu(t))] dt = Vv o, (t,u(t))dw(t), (2.16)

where the noise intensity o, : [0,T] x V — Ly(Hy,H) of the stochastic perturbation is properly
normalized by the square root of the viscosity coefficient v. We assume that o,, satisfies the following
growth and Lipschitz conditions:

Condition (C1): o, € € ([0,T] x V;Ly(Hy,H)), and there exist non negative constants K; and L;
such that for every t € [0,T] and u,v € V:

@) loy (t,u)l, < Ko+ Ky lul* + KyfJull%,

(i) o, (t,u) = o (6, I < Lilu = v[? + Loflu — v

For technical reasons, in order to prove a large deviation principle for the distribution of the solution
to (2.16) as the viscosity coefficient v converges to 0, we will need some precise estimates on the
solution of the equation deduced from (2.16) by shifting the Brownian W by some random element
of its RKHS. This cannot be deduced from similar ones on u by means of a Girsanov transformation
since the Girsanov density is not uniformly bounded when the intensity of the noise tends to zero
(see e.g. [16] or [10]).

To describe a set of admissible random shifts, we introduce the class .« as the set of Hy—valued
(Z,)—predictable stochastic processes h such that f OT |h(s)|§ds < 00, a.s. For fixed M > 0, let

T
Sy = {h € 12(0,T;Hy) : J Ih(s)[2ds < M}.
0
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The set S;;, endowed with the following weak topology, is a Polish (complete separable metric) space

(see e.g. [5D: dy(h k) = T2, 2| [ (h(s) — k(s), &(s)) odls],
basis for L2([0, T],H,). For M > 0 set

where {&.(s)};2; is an orthonormal

Ay =1{he .o :h(w) eSSy, as.}. (2.17)

In order to define the stochastic control equation, we introduce for v > 0 a family of intensity
coefficients &, of a random element h € .«/); for some M > 0. The case v = 0 will be that of an
inviscid limit "deterministic" equation with no stochastic integral and which can be dealt with for
fixed w. We assume that for any v > 0 the coefficient &, satisfies the following condition:

Condition (C2): &, € 6([0,T] x V;L(Hy,H)) and there exist constants K ,, K;, and Zj, fori=0,1
and j = 1,2 such that:

16, (t, u)|L(H m <Ko + Ky ul? +vRpllull?,, Vte[0,T], Yuey, (2.18)
|6, (t,u) — Ov(t’v)|L(HO,H) <ILjlu—vP+vLiu—v|? Vtel[0,T], Yu,vev, (2.19)

where € = %”1 is defined by (2.2) and | - |y, i) denotes the (operator) norm in the space L(Hy, H) of

all bounded llnear operators from Hy into H. Note that if v = O the previous growth and Lipschitz on
Gy(t,.) can be stated for u,v € H.

Remark 2.1. Unlike (C1) the hypotheses concerning the control intensity coefficient &, involve a
weaker topology (we deal with the operator norm | - |1, x) instead of the trace class norm |- |1 )
However we require in (2.18) a stronger bound (in the interpolation space ). One can see that
the noise intensity /v o, satisfies Condition (C2) provided that in Condition (C1), we replace point
(i) by |o, (¢, u)l%Q <Ky+Kjul*>+ K%Hullif,. Thus the class of intensities satisfying both Conditions
(C1) and (C2) when multiplied by /v is wider than that those coefficients which satisfy condition
(C1) withK, =0

Let M > 0, h € ./, £ an H-valued random variable independent of W and v > 0. Under Conditions
(C1) and (C2) we consider the nonlinear SPDE

duy (t) + [vAu;(t) +B(uy ()] dt = Vv o, (t,u) (£))dW (t) + &, (t,u; (t))h(t) dt, (2.20)

with initial condition u} (0) = £. Using [10], Theorem 3.1, we know that for every T >0 and v > 0
there exists K := K,(v, T,M) > 0 such that if h, € ., E|E|* < +o0 and 0 < K, < K, equation
(2.20) has a unique solution u; € ¢([0,T],H)N L?([0, T],V) which satisfies:

(up,v)—(E,v)+ J [v(u}(s),Av) + (B(uy (s)),v) ] ds
0

= J (Vv o,(s,uy(s)dW(s), v) —I—J (6,(s,uy (s)h(s), v) ds
0 0

a.s. for all v € Dom(A) and t € [0, T]. Note that u; is a weak solution from the analytical point
of view, but a strong one from the probabilistic point of view, that is written in terms of the given
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Brownian motion W. Furthermore, if K, € [0,K}[ and L, € [0,2[, there exists a constant C, :=
C(K;, L]-,f(i,f(”, T,M,v) such that

T

T
E( sup |u;(t)|4+J ||u;(t)||2dt+J (Ol dt) < C, (1+EIEF.  @21)
0

0<t<T 0
The following proposition proves that I_<2V can be chosen independent of v and that a proper for-

mulation of upper estimates of the H, 5 and V norms of the solution u} to (2.20) can be proved
uniformly in h € .¢/y; and in v € (0, v,] for some constant v, > 0.

Proposition 2.2. Fix M > 0, T > 0, o, and &, satisfy Conditions (C1)-(C2) and let the initial
condition & be such that E|£|* < 4+o00. Then in any shell model where B is defined by (2.5) or (2.6),
there exist constants v, > 0, K, and C(M) such that if 0 < v <w,, 0 <K, <K,, L, <2 and h € .¢/),,
the solution ux to (2.20) satisfies:

T

T
E( sup |ug(t)|4+vJ ||u;(s)||2ds+vf et ()4, ds ) < COMD (BIEF+1). 2.22)
0<t<T 0 0

Proof. For every N > 0, set Ty = inf{t : [u;(t)| = N} A T. It&’s formula and the antisymmetry
relation in (2.8) yield that for t € [0, T],

ATy tATN
luy (eAT)IP = [P + 24V J (o (s, uy (s))dW (s),up (s)) — ZVJ llu; ()1 ds
0 0
tATy tATN
+ ZJ (6, (s,uy (s)h(s),uy(s)) ds +v f lo,, (s, u%(s))l%Q ds, (2.23)
0 0
and using again It6’s formula we have
tATy
(e ATyl +4vf G EOP g OIPdr < EF+10+ Y 7,0, (2.24)
0 1<j<3

where

I(t) = 4Vv ,

J (o (ryup (1)) AW (1), uj, (r) |y (1))
0

T(t) = 4J (& (ryuy (W) AP, wy (P gy ()P dr,
0

T(t) = ZVJ o (1w (PN gy (DI,
0

tATN
T5(t) = 4vf Ioj(s,uZ(r))uZ(r)lgdr.
0

Since h € ./, the Cauchy-Schwarz and Young inequalities and condition (C2) imply that for any
€>0,

tATy

T (6) < 4 f (VRo+ V& () + /v Ko ky 21 (1) IRCPlo i (r) P
0
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ATy

t
< 4VEMT+4( Vi + Kl)f Ih(Plo I (P)[* ds

tATy
JIIHZ(r)Ilzlu (r)lzdr+ J |R(r)[§ luy (P)[* dr. (2.25)
0

€ ko

Using condition (C1) we deduce

tATy

To(t) + T5(t) < 6vf [Ko + Ky [y (M) + Ky lluy, (MI1P] fujy (r)? dr
0

tATy t
S6VKOT+6V(KO+K1)J Iu;l’(r)|4dr+6vK2f ||uZ(r)||2 Iu}Vl(r)IZdr. (2.26)
0 0

LetKQS%andO<e§2—3K2;set

o =4(VEy+ V) 2 4+ 6v (Ko +Ky).
Then a.s.
J p(rdr <4(V&+ vk, ) VMT YK)T = ® (2.27)
0

and the inequalities (2.24)-(2.26) yield that for

t
X(©O)=supluy(rAcy)l*, Y(0) = Vj lluy, (r A TN g, (r A Ty ds,
0

r<t

X(t)+(4—6K, —e)Y(t) < [E]* + (4\/I€OMT + 6vKOT) +1(t)+ f 0(s)X(s)ds. (2.28)

0
The Burkholder-Davis-Gundy inequality, (C1), Cauchy-Schwarz and Young’s inequalities yield that
fort €[0,T] and 6,k > 0,

tATy

EI(t) < 12 WE({J [Ko + Ky [l ()2 + Ko [l ()]12] |u;(r)|6ds}a)

0

tATN 1
<12VvE( sup lu(s ATy J [Ko + Ky u} (5)2 + Ky [l (5)I2] Ju ) 2ds } )
0

0<s<t

36K, 36 ‘
< SE(Y()) + ( ) E(X(6))+ = [Ko T + (Ko +Ky) f E(X(s))ds] : (2.29)
0

Thus we can apply Lemma 3.2 in [10] (see also Lemma 3.2 in [16]), and we deduce that for
1 _ l 36K2 & -1 - _ 36
O0<v=wvy,Ky<s, e=a= = +rxvyg<27te® 5 <a27le and y = =>(Ko + K1),

_ 36
E(X(T) n aY(T)) < 2exp (@ +2Tye?) [4 RoM T +6voKoT + —KoT + E(|§|4)] . (2.30)

Using the last inequality from (2.4), we deduce that for K, small enough, C(M) independent of N
and v €]0,vy],

E( sup [ul(t ATyl +v f (D)3 de ) < COM(T+E(EN)).
0

0<t<T
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As N — +o0, the monotone convergence theorem yields that for K, small enough and v €]0,v,]

T
E( sup |uz(r)|4+vf (D)3 de ) < E(T +EEN)).
0

0<t<T

This inequality and (2.30) with t instead of t A T)y conclude the proof of (2.22) by a similar simpler
computation based on conditions (C1) and (C2). O

3 Well posedeness, more a priori bounds and inviscid equation

The aim of this section is twofold. On one hand, we deal with the inviscid case v = 0 for which the
PDE
du(t) +B(u(t))dt = &o(t,u) (¢ h()dt, u)(0)=E (3.1)

can be solved for every w. In order to prove that (3.1) has a unique solution in ¢ ([0, T],V) a.s., we
will need stronger assumptions on the constants u,a, b defining B, the initial condition £ and &,.
The initial condition £ has to belong to V and the coefficients a, b, u have to be chosen such that
(B(u,u),Au) = 0 for u € V (see (2.13)). On the other hand, under these assumptions and under
stronger assumptions on o,, and &,,, similar to that imposed on &, we will prove further properties
of uy for a strictly positive viscosity coefficient v.

Thus, suppose furthermore that for v > 0 (resp. v = 0), the map
G, :[0,T] x Dom(A) — L(H,, V) (resp. 64 :[0,T] XV — L(Hy,V))

satisfies the following:

Condition (C3):There exist non negative constants fq and Zj, i =0,1,2, j = 1,2 such that for
s €[0,T] and for any u,v € Dom(A) if v > 0 (resp. for any u,v € V ifv =0),

1, ~ ~ ~
1426, (5, I} g, gy < Ko + Ky llull® + v Ky |Auf?, (3.2)

and
1, 1, ~ ~
|A26,(s,u) —A25,(s, v)|%(HO,H) <Lillu—v|?2+vi,Au—Av|?. (3.3)

Theorem 3.1. Suppose that & satisfies the conditions (C2) and (C3) and that the coefficients a, b, u
defining B satisfy a(1+ u?)+ bu? = 0. Let £ € V be deterministic. For any M > O there exists C(M)
such that equation (3.1) has a unique solution in € ([0, T],V) for any h € .¢,;, and a.s. one has:

sup sup [lup(6)ll < CMI(L + (11D (3.4)
he.dy; 0<t<T

Since equation (3.1) can be considered for any fixed w, it suffices to check that the deterministic
equation (3.1) has a unique solution in 4 ([0, T],V) for any h € S),; and that (3.4) holds. For any
mz=1, let Hm = span(@l; Tt me) - DOTTl(A),

P, :H — H,, denote the orthogonal projection from H onto H,,, (3.5)
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2
<
L(Ho,H) —

|60(t,u)|%(HO’H). Set ugi’h(o) = P,, & and consider the ODE on the m-dimensional space H,, defined
by

and finally let &, = P,6, Clearly P, is a contraction of H and |G, (t,u)l

d(u?n’h(t), v)=[- (B(ugq’h(t)), v) + (60(t,ug1,h(t)) h(t),v)]dt (3.6)
for every v € H,,.

Note that using (2.9) we deduce that the map u € H,,, — (B(u), v) is locally Lipschitz. Furthermore,
since there exists some constant C(m) such that ||u|| V ||u]| > < C(m)|u| for u € H,,, Condition (C2)
implies that the map u € H,, = ((6¢ ,(t,uh(t), ¢i) : 1 < k < m), is globally Lipschitz from H,,
to R™ uniformly in t. Hence by a well-known result about existence and uniqueness of solutions
to ODEs, there exists a maximal solution u?n,h = 221:1(”21,;1 , ¢x) ¢k to (3.6), i.e., a (random) time
T?n’h < T such that (3.6) holds for t < T?n’h and as t 1 T?n’h <T, Iu?n’h(t)l — 00. The following
lemma provides the (global) existence and uniqueness of approximate solutions as well as their
uniform a priori estimates. This is the main preliminary step in the proof of Theorem 3.1.

Lemma 3.2. Suppose that the assumptions of Theorem 3.1 are satisfied and fix M > 0. Then for every
h € .o}, equation (3.6) has a unique solution in € ([0, T],H,,). There exists some constant C(M) such
that for every h € .oy,

sup sup [lup ,(O)I> < CM)(1+IE]I) as. (3.7

m 0<t<T

Proof. The proof is included for the sake of completeness; the arguments are similar to that in the
classical viscous framework. Let h € ./, and let u?n’h(t) be the approximate maximal solution to
(3.6) described above. For every N > 0, set T, = inf{t : ||u21’h(t)|| > N}AT. Let I, : Hy —
H, denote the projection operator defined by IT,,u = 22;1 (u, e) e, where {e;,k > 1} is the
orthonormal basis of H made by eigen-elements of the covariance operator Q and used in (2.15).

Since ¢; € Dom(A) and V is a Hilbert space, P,, contracts the V norm and commutes with A. Thus,
using (C3) and (2.13), we deduce

tATN

luf, (e AT < N8N~ 2 J (B (D), Aty (5)) ds
0

tATN
1 ~
+ 2f |42 P65, 1%, (s)DR(S)| 11, ()]l s
0

tATN
<|E|2+2 1”<0MT+2( Ko+ VK )J IRl 1, ()11 ds.
0
Since the map ||u21 ()|l is bounded on [0, 7y ], Gronwall’s lemma implies that for every N > 0,
sup sup ||u?n’h(t)||2 < (||§||2 +2 f(OMT) exp (ZVMT [ Ky + K ]) (3.8)
m fSTN

Let 7 :=limy Ty ; as N — oo in (3.8) we deduce

supsup 5, (O] < (IE1? +2VRMT ) exp (2MT [ V&Ko + VE; |). (3.9)

On the other hand, sup, -, ||u?n h(t)llz = +o0 if T < T, which contradicts the estimate (3.9) . Hence
7 =T a.s. and we get (3.7) which completes the proof of the Lemma. O
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We now prove the main result of this section.

Proof of Theorem 3.1:
Step 1: Using the estimate (3.7) and the growth condition (2.18) we conclude that each component
of the sequence ((u? ,),,n > 1) satisfies the following estimate

<Cas.,Yn=1,2,---

sup sup_[(uf, ) n(O)I” + | (60t u 1 (EDR(L)),

m O0<t<

for some constant C > 0 depending only on M, ||£||, T. Moreover, writing the equation (3.1) for the
GOY shell model in the componentwise form using (2.5) (the proof for the Sabra shell model using
(2.6), which is similar, is omitted), we obtain forn=1,2,---

(W, () =(PE), +i f (@K (U2 ) (WS, ) () + DR (U ) ()W, )1 (6)
0
- akn—l(u?n,h));_l(s)(ugl,h):;_z(s) - bkn—l(u%)h)z_z(s)(uom,h)):l_l(5))d5

—l—f (60(s,u?n7h(s))h(s))nds. (3.10)
0

Hence, we deduce that for every n > 1 there exists a constant C,, independent of m, such that

||(U21,h)n||c1([o,T];nc) < C,.

Applying the Ascoli-Arzela theorem, we conclude that for every n there exists a subsequence (m;)x>1
0 : 0 :
such that (umZ,h)n converges uniformly to some (u,), as k — oo. By a diagonal procedure, we

may choose a sequence (m})>; independent of n such that (u?n n converges uniformly to some
(), € % ([0, T]; C) for every n > 1; set

Ug(t) = ((u}?)b (u2)21 o )

From the estimate (3.7), we have the weak star convergence in L*°(0, T; V) of some further subse-
quence of (u&n , ¢ k=1). The weak limit belongs to L*°(0, T; V') and has clearly (ug)n as compo-
k,

nents that belong to 6 ([0, T]; C) for every integer n > 1. Using the uniform convergence of each
component, it is easy to show, passing to the limit in the expression (3.10), that ug(t) satisfies the
weak form of the GOY shell model equation (3.1). Finally, since

t
up(t) =&+ J [ = B(up(s)) + Go(s, up(s))h(s)] ds,
0
is such that supy<;<r ||u2(s)|| < 00 a.s. and since for every s € [0, T], by (2.9) and (3.2) we have a.s.
LI + 160, DRI < ¢ (1+ sup GIP) 1+ ) € L2(10,TD)

we deduce that ug € 6([0,T],V) a.s.

Step 2: To complete the proof of Theorem 3.1, we show that the solution ug to (3.1) is unique in
€¢([0,T],V). Letve €([0,T],V) be another solution to (3.1) and set

Ty =inf{t > 0: [u)()| = N} Ainf{t > 0: [[v(t)| =N} AT.
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Since ||u2(.)|| and ||v(.)|| are bounded on [0, T], we have Ty — T as N — oo.

Set U = ug — v; equation (2.10) implies
| (A2B(s)) — A2 B(v(s)),A2U(s)) | = | (Bd(s)) — B(v()),AU(s)) |
< CIUEI V()

On the other hand, the Lipschitz property (3.3) from condition (C3) for v = 0 implies
1 1 ~
|[A264(s, ud(s)) — A2 s, v(s D] h(s)| < VI 11u(s) = vl 17(s)lo-

Therefore,

tATN 1 1 1
l0Ce AT )I? = f [~ 2(ABQ(s)) - ABB(v(s), A Us)
0
+ 2([A% &o(s,u%(s)) — A28 (s, v(s))]h(s),A%U(s)) } ds

= ZJ (CyN + VL1 h()lo) UG A Ty ds,
0

and Gronwall’s lemma implies that (for almost every w) supg<,<7 [[U(t AT II? =0 for every N. As
N — oo, we deduce that a.s. U(t) = 0 for every t, which concludes the proof. O

We now suppose that the diffusion coefficient o, satisfies the following condition (C4) which
strengthens (C1) in the way (C3) strengthens (C2), i.e.,

Condition (C4): There exist constants K; and L;, i = 0,1,2, j = 1,2, such that for any v > 0 and
u € Dom(A),
1
Ao, (5,07, < Ko+Killull* +KslAul?, (3.11)

1 1
|A20,(s,u) —Az0,(s, v)|§Q < Lqllu—v|* + Ly|Au — Av|?. (3.12)

Then for v > 0, the existence result and apriori bounds of the solution to (2.20) proved in Proposi-
tion 2.2 can be improved as follows.

Proposition 3.3. Let & € V, let the coefficients a, b, u defining B be such that a(1+u?)+bu? =0, o,
and &, satisfy the conditions (C1), (C2), (C3) and (C4). Then there exist positive constants K, and v,
such that for 0 < K, < K, and 0 < v < v, for every M > 0 there exists a constant C(M) such that for
any h € .o/, the solution u; to (2.20) belongs to 6([0, T], V) almost surely and

T
sup sup E( sup ||uZ(t)||2+vJ |AuZ(t)|2dt) < C(M). (3.13)
he.dy; 0<v=<v, te[0,T] 0

Proof. Fix m > 1, let P,, be defined by (3.5) and let u? ,(t) be the approximate maximal solution to
the (finite dimensional) evolution equation: u? ,(0) = P, & and

duy ,(t) = [— VPyAUy (t) = PpB(uy, () + Py, (t, urvn’h(t))h(t)] dt
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+Pm‘/vo-v(t:u:;1’h)(t)dwm(t): (314)

where W, is defined by (2.15). Proposition 3.3 in [10] proves that (3.14) has a unique solution
u € 6([0,T],Py,(H)). For every N > 0, set

Ty = inf{t: ||ufn’h(t)|| >N}IAT.

Since P,,(H) € Dom(A), we may apply Itd’s formula to ||ufn’h(t)||2. Let I1,,, : Hy — H, be defined

by I, u = Z;(nzl (u, er) e for some orthonormal basis {e, k > 1} of H made by eigen-vectors of the
covariance operator Q; then we have:

tATy

I, (6 A T2 = [1PREN2 + 2ﬁf (A2 P, (5, Ul () AW (5), A2 ,(5))
0

tATy

tATY
1 1
+v J |Pmoy (s,uy, 5(5)) HmI%Q ds — ZJ (A2 B(uy, 4(s)), A2 ufn’h(s)) ds
0 0
thTy ) thTy )
— 2’VJ (A2 PrAuy, 1,(s),A? ufn’h(s))ds + ZJ (A2P,,6,(s, uy, ($)h(s), Az ufn’h(s))ds.
0 0

Since the functions ¢; are eigen-functions of A, we have A P, = PmA% and hence
(A% PmAu;Lh(s),A% u;’h(s)) = |Auz1’h(s)|2. Furthermore, P,, contracts the H and the V norms, and for
u € Dom(A), (B(u),Au) = 0 by (2.13). Hence for 0 < € = %(2 —K,) < 1, using Cauchy-Schwarz’s
inequality and the conditions (C3) and (C4) on the coefficients o, and &,,, we deduce

tATN tATN

lawt, ()P ds < €] +v J [Ko + Ky [, ,(5)]2] ds
0

||u;“n,h(t AT)II? + evf

0

tATN
+2v J (A2 Py (5,121, () AWy (5), AZ0, ,(5))
0

+2 JOWN{[ Ko+ ( f<0+Jk_l)nufn,h(s)nz]|h(s)|o+%Ih(s)léllu;,h@“z}ds-

For any t € [0, T] set

SATYN
1 1
I(t) = sup ZWJ (Azpmav(r,u;’h(r))dWm(r),Azu;’q’h(r)),
0<s<t 0
ATy
X(t) = sup |lu) (sATl?, Y()= A (P dr,
o<s<t 7 0 ’

o(0) = 2(VE+ V&) IR(Olo +vE; + 2RO,

Then almost surely, fOT o(t)dt <vK T +2(y/ Ko+ K)VMT + I%M := C. The Burkholder-Davis-
Gundy inequality, conditions (C1) — (C4), Cauchy-Schwarz and Young’s inequalities yield that for
te[0,T] and 8 >0,

tATy

1
EI(t) < wmz{f 420, (5,8, () T2, Il (5)I1%ds )

0
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oK tATyN
< BE(_swp Iunp@I?) + =5 B f it (I ds
0

0<s<tATy

WKy . 9vKy [N )
+ 5 T+ 5 E i |Aufn,h(s)| ds.

Set Z = ||&]|2+voKoT+2/KoTM, a =ev, B =2"1e ¢ K, < 272e72¢(9+273e72¢)7L; the previous
inequality implies that the bounded function X satisfies a.s. the inequality

t

X(t)+aY(t)<Z +I(t)+J p(s)X(s)ds.
0

Furthermore, I(t) is non decreasing, such that for 0 <v <wv,, § = % <a27leCandy= %Kl,
a

one has .

EI(t) < BEX(t)+ }fEf X(s)ds +8Y(t)+ %KOT.
0

Lemma 3.2 from [10] implies that for K, and v, small enough, there exists a constant C(M, T)
which does not depend on m and N, and such that for 0 <v <vy, m > 1 and h € .&/j;:

N
sup supE[ sup ||ux1’h(t)||2+vf |Aux1’h(t)|2dt] < 00.
0

N>0 m>1 0<t<7y

Then, letting N — oo and using the monotone convergence theorem, we deduce that

T

sup sup E[ sup ||ux1h(t)||2+vf IAu:“nh(t)|2dt] < 0. (3.15)
m>1 hedy; -O0<t<T ’ 0 ’

Then using classical arguments we prove the existence of a subsequence of (u) ,,m > 1)

which converges weakly in L2([0,T] x Q,V) n L*([0,T] x Q,5) and converges weak-star in
L*(Q, L>°([0,T],H)) to the solution u; to equation (2.20) (see e.g. [10], proof of Theorem 3.1). In
order to complete the proof, it suffices to extract a further subsequence of (u} ,,m > 1) which

is weak-star convergent to the same limit u; in L%(Q,L®([0,T],V)) and converges weakly in
L?(Q x [0, T], Dom(A)); this is a straightforward consequence of (3.15). Then as m — oo in (3.15),
we conclude the proof of (3.13). O

4 Large deviations

We will prove a large deviation principle using a weak convergence approach [4; 5], based on
variational representations of infinite dimensional Wiener processes. Let o : [0,T] X V — L, and
for every v > 0let &, : [0, T] X Dom(A) — L, satisfy the following condition:

Condition (C5):

(i) There exist a positive constant y and non negative constants C, Ky, K, and L, such that for all
u,veVands,t €[0,T]:

— — 1 2 — _
lo(t,wl}, <Ko+ Ky lul?, |Azo(t,w)]; <Ko+Kyllull?,
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2 7 2 1 1 2 7 2
lo(t, W —o(e,E <Lilu=vP |Ao(ew) -Azo(e,)|, <Lyllu-vl?

o(t,u) = ols,w], <CA+[ulle—s".

(ii) There exist a positive constant y and non negative constants C, Ko, K, K, and L, such that for
v>0,s,te[0,T] and u,v € Dom(A),

_ _ 1 2 _
|0v(t:u)|2Q < (Ko + K ||U||2%:), }AZO'V(QU)|LQ < (Ko +K; |AU|2),

16, (6,0) = 5, (6,2, < Lyllu—vIP,

A%&V(t,u) —A%év(t,v)ﬁq < L, |Au — Av|?,

|0, (6, w) =&, (6w, <CA+luld eI

Set
o,=6,=0++vg, for v>0, and &y=o0. 4.1)

Then for 0 < v < v, the coefficients o,, and &,, satisfy the conditions (C1)-(C4) with
KO :f(() == 4[(0, Kl :kl - 21_<1, Ll - Z‘l == 2i1, IN<2 - 2[22, kjf - 21_{%:,
K2 =2 [I_(Z V (K%kga_z)]’vl, L2 = Ziz'\/l and i;z = 2i42. (4.2)

Proposition 3.3 and Theorem 3.1 prove that for some v, €]0,v;], K, and L, small enough, 0 < v <
vy (resp. v =0), £ € V and h, € ./, the following equation has a unique solution u; (resp. ug)

in ¢(0,T],V): uy (0)= ud(0)=¢&, and

duzy(t) + [VAUZV(U +B(ugv(t))] dt = \/Vav(t,u;'lv(t))dW(t) + 6V(t,ugv(t))hv(t)dt, (4.3)
dul(t) + B(u(t))dt = o(t,ul(t))h(t)dt. (4.4)

Recall that for any a > 0, 5, has been defined in (2.2) and is endowed with the norm || - ||, defined
in (2.2). When 0 < a < %, as v — 0 we will establish a Large Deviation Principle (LDP) in the set
%([0,T],V) for the uniform convergence in time when V is endowed with the norm || - ||, for the
family of distributions of the solutions u" to the evolution equation: u”(0) =¢§ €V,

du”(t) + [vA () +BW" ()] dt = Vvo,(t,u’ (t)) dW(¢), (4.5)

whose existence and uniqueness in € ([0, T],V) follows from Propositions 2.2 and 3.3. Unlike in
[27], [16], [22] and [10], the large deviations principle is not obtained in the natural space, which
is here € ([0, T],V) under the assumptions (C5), because the lack of viscosity does not allow to
prove that ug(t) € Dom(A) for almost every t.

To obtain the LDP in the best possible space with the weak convergence approach, we need an extra
condition, which is part of condition (C5) when a = 0, that is when ¢, = H.

Condition (C6): Let o € [0, ‘l‘]; there exists a constant L4 such that for u,v € 5, and t € [0, 1],

A%o(t,u) =A% (t, V)], < Ly llu = v, (4.6)
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Let & denote the Borel o —field of the Polish space

Z =%([0,T],V) endowed with the norm ||u|lo =: sup [|u(t)ll,, 4.7)
0<t<T
where || - || is defined by (2.2). We at first recall some classical definitions; by convention the

infimum over an empty set is +00.

Definition 4.1. The random family (u") is said to satisfy a large deviation principle on & with the
good rate function I if the following conditions hold:

I is a good rate function. The function I : & — [0, 00] is such that for each M € [0, 0o[ the level set
{p e X :1(¢p) < M} is a compact subset of X .

For Ae A, set I(A) = inf,c, I(u).

Large deviation upper bound. For each closed subset F of &':

limsup vlogP(u¥ € F) < —I(F).

v—0

Large deviation lower bound. For each open subset G of X ':

lim inf0 viogP(u" € G) > —I(G).
V—>

Let 6, = {f(; h(s)ds : he€ L%([0,T],Hy)} < 6([0,T],H,). Given & € V define eeg :6([0,T],Hy) —
X by %é)(g) = u for g = f h(s)ds € 6, and u is the solution to the (inviscid) control equation

(4.4) with initial condition &, and %g(g) = 0 otherwise. The following theorem is the main result
of this section.

Theorem 4.2. Let a € [0, %], suppose that the constants a, b, u defining B are such that a(1 + u?) +
bu? =0, let £ € V, and let o, and &, be defined for v > 0 by (4.1) with coefficients o and &,
satisfying the conditions (C5) and (C6) for this value of a. Then the solution (u"), o to (4.5) with
initial condition & satisfies a large deviation principle in & := 6([0,T],V) endowed with the norm
llullor =: supg<,<7 l[u(t)ll,, with the good rate function

T
I(u) = inf {lj Ih(s)[2 ds}. 4.8)
0

{he12(0,T;Hy): u=42( [, h(s)ds)} 2

We at first prove the following technical lemma, which studies time increments of the solution to
the stochastic control problem (4.3) which extends both (4.5) and (4.4).

To state this lemma, we need the following notations. For every integer n, let v, : [0, T] — [0, T]
denote a measurable map such that: s < ¢,(s) < (s +¢c2™") A T for some positive constant ¢ and
for every s € [0, T]. Given N > 0, h,, € .¢),, for t € [0, T] and v € [0,v;], let

an(={o: (Osup I (s)(e)2) v (JtlAuZ(s)(w)lzds) <n}.
0

<s<t

Lemma 4.3. Let a, b, u satisfy the condition a(1 + u?) + bu? = 0. Let vy, M, N be positive constants,
o and &, satisfy condition (C5), o, and G, be defined by (4.1) for v € [0,v,]. For every v €]0,v,],
let £ € L*(Q;H)NL2(Q; V), h, € .oy, and let uy (t) denote solution to (4.3). For v =0, let £ €V,
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h e .o, let ug(t) denote be solution to (4.4). Then there exists a positive constant C (depending on
Ki,R'i, L;, f,i, T,M,N,vy) such that:

T
Iy, v) : =E[ 1yr) f ey () = up (Pu@)IPds| €275 foro<v=vy, (49
0

T
I,(h,0):= 1G1?’(T)f ||u2(s) - u,(l)(l,bn(s))ll2 ds<C2™™" as. forv =0. (4.10)
0

Proof. For v > 0, the proof is close to that of Lemma 4.2 in [16]. Let v €]0,v,], h € .«;,; for any
s € [0, T], Itd’s formula yields

Pals) Pa(s)
laj, (pas) — 1y (> = 2f (ALu} (1) —u} ()], duy (r) +v J Az (ruy, (M) dr.

Therefore I,,(h,,,v) = 215155 I, i(h,,v), where
T Pn(s) . .
Ii(h,,v)=2v E(lG}V’(T) f dsJ (Azo,(r, uy, (1AW (r), A2 [u%v(r) —up (s)] )),
0 s
T
Loy, v) = v E(lw)f ds f oo, (ruy (M2, dr ).
0 s
T Ya(s) X 1
Ios(hy,v) = —2E(1GIVV(T)J dsj (A2B(u, (), A% [u}, (1) -} (5)]) dr ),
0 s

T Ya(s)
Ii4(h,,v)=—2v E(lG}\}(T)J dsf (A% uzv(r), Az [u,”lv(r) - uzv $)]) dr),
0 s

T Pn(s)
Is(hy,v) :215:(1%(”[ dsJ (A2, (r,u}, (F)h, (), A2 [uzv(r)—uzv(sﬂ)dr).
0 s

Clearly Gy (T) € Gy,(r) for r € [0, T]. Furthermore, |[u} (r)|I* V [lu}(s)[I* <N on Gy (r) for 0 <s <
r<T.

The Burkholder-Davis-Gundy inequality and (C5) yield for 0 < v < v,

T YPu(s)
1 v 2 v v
1y, )l < 6«/VL ds 5 J A0, sl (D2, Lyl (r) . ()1 dr)
s

M=

Pals) 1

T
56\/21/0Nf ds]E(f [Ko + K llu, (PII? + Ky lAu, (r)]?] dr)z.
0 s

The Cauchy-Schwarz inequality and Fubini theorem as well as (3.13), which holds uniformly in
v €]0,v,] for small enough fixed v > 0, imply

T r 1
L1 (hy, )| < 64/206NT [EJ [Ko+ Ky lluy, ()II? + Kylawy, (r)[2] ds)dr |
0 v ' (r—c2"")V0
<C, VN2 3 (4.11)
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for some constant C; depending only on K;,1=0,1,2, L;, j = 1,2, M, vy and T. The property (C5)
and Fubini’s theorem imply that for 0 < v < v,

T Pu(s)
2y < v E (Lgy) f dsf [Ko + Kiluf, (O +Kolduy, (r)*]dr )
0 s

T
SVOEJ [Ko—i-Kl||uzy(r)||2+K2|Au%v(r)|2] c2™"dr < ;27" (4.12)
0

for some constant C; as above. Since (B(u),Au) = 0 and [|B(w)|| < C||ul|* for u € V by (2.9), we
deduce that

T Pn(s)
1 v 1,
1y, v = 2 (1gycr) f ds f dr(A2B(u, (1), A2, (5)) )
0 S

T Pn(s)
3 _
< 2CIE(1GIVV(TJ dsJ luy. (I ||u;l’(s)||dr) <2CN:T227" (4.13)
0 s

Using Cauchy-Schwarz’s inequality and (3.13) we deduce that

T Ya(s)
Ina(h,,v) < ZVE(lcx,(T)f dsf dr[ — |Au,ZV(r)|2 + A, (1) |Auzv(s)|])
0 s

— ns)
< EE(J ds |Au! (s)lZJ dr) <cp2™ (4.14)
0 s

for some constant C; as above. Finally, Cauchy-Schwarz’s inequality, Fubini’s theorem, (C5) and the
definition of ./, yield

T Pals)
|In,5(hvav)| SZE(lG?V(T)f dSJ dr
0 s

[&o + &yl (I +vRolauy, (M2 [y (Ml llaf, (1) =, (51

< 4VN E(Lgyr) (Ko + KiN) 2 JT I, (1)l (f ds) dr)
0

(r—c27")vo0

T r
+4VNE (16yr) \/vosz Awy, (1) IhV(r)|0(J ds) dr)
0 (

r—c2 - ")v0

~ ~ 1 ~ 1
< 4\/N[«/MT(KO +RN)? + (VOKZNM)Z] cT27" < C(vy,N, M, T)27". (4.15)

Collecting the upper estimates from (4.11)-(4.15), we conclude the proof of (4.9) for 0 < v < v,,.

Let h € .¢/};; a similar argument for v = 0 yields for almost every w

T T
1G§3(T)f f (4 (s)) = ud(s)IPds < > I, ;(h,0),
o Jo i=1.2
with

T Ya(s)
I,1(h,0) = =2 1G3(T)J dsJ (A2B(u)(r)), Az [u)(r) —up(s)]) dr,
0 s
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Pr(s) . )
I,»(h,0) = 2 Lgo(ry f dsf (A26o(r,up (M) h(r), Az [u) (r) —uy(s)]) dr.
0 s

An argument similar to that which gives (4.13) proves
[In,1(h,0)] < C(T,N)27". (4.16)

Cauchy-Schwarz’s inequality and (C5) imply

Pn(s) .
I2(R,0) < 2 160 r) J dsf dr (Ko + Ky llup(rI1?) 2 [h(r)lo lup(r) — up(s)||
0 s

y y 1 T r
< 4VN (Ko +K\N)? J (Pl (f ds) dr <C(N,M,T)2™". (4.17)
0 (r—c2"")V0
The inequalities (4.16) and (4.17) conclude the proof of (4.10). O

Now we return to the setting of Theorem 4.2. Let v, €]0,v;] be defined by Theorem 2.2 and
Proposition 3.3, (h,,0 < v < v,) be a family of random elements taking values in the set .«/),; defined
by (2.17). Let uy be the solution of the corresponding stochastic control equation (4.3) with initial

condition u} (0) = £ € V. Note that u} = ‘gg (ﬁ (W + JLV fo hv(s)ds)) due to the uniqueness
of the solution. The following proposition establishes the weak convergence of the family (u; ) as
v — 0. Its proof is similar to that of Proposition 4.5 in [10]; see also Proposition 3.3 in [16].

Proposition 4.4. Let a, b, u be such that a(1 + u?)+ bu? = 0. Let a € [0, 4] o and G, satisfy the
conditions (C5) and (C6) for this value of a, o,, and &, be defined by (4.1). Let & be &,-measurable
such that E(lé‘;’lf_} + IElI*) < oo, and let h,, converge to h in distribution as random elements taking
values in .ofy;, where this set is defined by (2.17) and endowed with the weak topology of the space
L,(0,T;Hy). Then as v — 0, the solution uxv of (4.3) converges in distribution in & (defined by

(4.7)) to the solution ug of (4.4). That is, as v — 0, the process %g(ﬁ(w + %fo hv(s)ds))

converges in distribution to ‘ﬁg ( fo h(s)ds) in €([0,T1,V) for the topology of uniform convergence on
[0, T] where V is endowed with the norm || - ||,

Proof. Since ./, is a Polish space (complete separable metric space), by the Skorokhod representa-
tion theorem, we can construct processes (hv, h, W) such that the joint distribution of (hv, W) is the
same as that of (h,,, W), the distribution of h coincides with that of h, and h — h a.s., in the (weak)

topology of S;;. Hence a.s. for every t € [0,T], fo h,(s)ds — fo h(s)ds — 0 weakly in H,. To ease

notations, we will write (h,,h, W) = (h,,h, W). Let U, = u, — ug € ¢([0,T],V); then U,(0) =0
and

du,(t) = — ["Auﬁ,(t) +B(uy, () - B(u)())] dt + [a(t,uzv(t))hv(t) —o(t,up(t)Hh(t)] dt
+Vv o, (t,uy, ())dW(e)+ ﬁ&v(t,uzv(t)) h,(t)dt. (4.18)

On any finite time interval [0, t] with t < T, Itd’s formula, yields for v > 0 and a € [0, %]:

U, (02 = —2v f (A1+auzv (s),A%U,(s))ds — 2f (A% [B(uzV (s)) — B(up(s))],AU, (s))ds
0

0
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+ ZﬁJ (A%o, (s, uxv (s))dW(s), A*U,(s)) +v J |A%a,, (s, uxv (s))I%Q ds
0 0
+ ZﬁJ (A%G, (s, uy, (), (s), A*U,(s)) ds
0
+ ZJ (A*[o(s, up, ($)hy(s) —o(s, ud(s)h(s)], AU, (s)) ds.
0

Furthermore, (A%G,(s,u} (s)h,(s), A%U,(s)) = (7, (s,u} (s))h,(s), A**U,(s)). Cauchy-Schwarz’s
inequality, conditions (C5) and (C6), (2.12) and (2.4) yield since a € [0, l:I

U, (02 < 2v L 1A (9] (g, O+ 1)) ds
+2¢ Ltnuv(s)ui (e, I+ (1) ds + 24/ JO (05, (VAW 420,5)
+v J(: [Ko + Ky llu, (I +KolAuy, (5)1*] ds
+2v fo | [VEo +ky * VEoellag, 6] I o ke (I, ()1 + (1) ds
+2 JO (4 o5, 50~ 0, D), 40, 5)) ds
+2 fo (A5 160 [n9)— os)] AU, 5))

t
<2 f 10, I [Clluy, I+ Cllu§$)IP + Lslhy (Vo] ds+ D, T(e,v), (4.19)
0 1<j<5

where using again the fact that a < }‘, we have

Ty(tv) =2v sup [l (Il + 1§ L g ),
Ty(t,v) = ZWJt (oy(s,uy ())AW(s), A%*U,(5)),
0
Ta(t,v) = v JO Ko+ K, P+ ol (P ds,
Ty(e,v) = 2v/w k2o JO t[\/k—o kg VR g, 1] Ty (ol 1l + 121 s,

To(t,v) =2 J (o(s,ug(s)) (h, (s) — h(s)), AzaUV(s)) ds.
0
0

We want to show that as v — 0, sup,co 1] [|U,(s)ll — O in probability, which implies that u; — u;
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in distribution in X. Fix N > 0 and for t € [0, T] let

Gu(0) = { sup [GGI* =N},
Gua(0) = G0N { sup Il ()P <Nn f|Auh (5)Pds <N}.

The proof consists in two steps.
Step 1: For v > 0 given by Proposition 3.3 and Theorem 3.1, we have

sup sup P(Gy,(T))—0 as N — +oo.

0<v=<wvy h,h, .9,
Indeed, for v €]0,v,], h,h, € ., the Markov inequality and the a priori estimates (3.4) and
(3.13), which holds uniformly in v €]0, v,], imply that for 0 < v < v,

T
1
PGy (M) <5 sup B( sup QI+ sup luf () +v J Ay, ()% ds )
hh,Ecty ~O<s<T 0
<C(1+EE*+E|EIP)NT, (4.20)

for some constant C depending on T and M, but independent of N and v.

Step 2: Fix N > 0, let h,h, € .¢/); be such that h,, — h a.s. in the weak topology of L2(0, T; H,) as
v — 0. Then one has:
lim & [1%(” sup ||Uv(t)|i] —0. (4.21)
0<t<T

Indeed, (4.19) and Gronwall’s lemma imply that on Gy ,(T), one has for 0 <v < wvj:

sup ||Uv(t)||§§exp (4NC+2L3\/MT) Z sup T;(t,v). (4.22)

0<t<T 1<j<5 0<t<T

Cauchy-Schwarz’s inequality implies that for some constant C(N, T) independent on v:

T 1
2
EUW%Z‘S& ITy(6,v)]) < 4VTN ﬁE(lG”"'(T){L Ay ()P ds) )
< C(N,T)Vv. (4.23)

Since the sets Gy , (.) decrease, the Burkholder-Davis-Gundy inequality, a < , the inequality (2.4)
and (C5) imply that for some constant C(N, T) independent of v:

4(2a—

T 1
E(lcN,V(T)oiggT|T2(t,v)|)swVE{JO Lo, ke 2 IO 0G5, (DI ds)

2(2a—

T 1
< 6v/vk, {J 16y, 4N (Ko+K1||uzv(s)||2+K2|Auxv(s)|2)ds}2 <C(T,N)Vv. (4.24)
0

The Cauchy-Schwarz inequality implies

E(1y,cr) sup ITa(6,9)]) < V¥ C(N, M, T). (4.25)
M osesT
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The definition of Gy ,(T) implies that

E(lGNV(T) sup |T3(t,v)|) <CTNw. (4.26)
M o<e<T
The inequalities (4.22) - (4.26) show that the proof of (4.21) reduces to check that
lim E(lGM(T) o?ilngTS(t’V)O ~0. (4.27)

In further estimates we use Lemma 4.3 with v, = §,, where §, is the step function defined by
§, =kT27 " for (k —1)T2™" <s < kT2™™. For any n,N > 1, if we set t;, = kT27" for 0 < k < 2",
we obviously have
E(lGNV(T) sup |T5(t,v)|) <2 T;(N,n,v)+ 2E(Ts(N,n,v)), (4.28)
o Ose=T 1<i<4

where

]

T\(N,n,v) =E [1GN,,,(T) JSup ‘ f (0(5,112(8))(%(5) —h(s)), A**[U,(s) — U, (5,)] )ds
<t< 0

TZ(N, n, 'V) =K [1GN,’V(T)

X sup

0<t<T

T3(N,n,v) =E |:]-GN!,,(T)

f (Tos,u3(5)) = 05 uYNIy () = H(s)), A%U, 5,) ) ds
0

]

X sup
0<t<T

i

CCRT) () - RGs)ds, 420, (0 )|,

fr—1

f ([0Gn 4D = 0o 1G] (y(5) — h(5)) , 42T, (5,) ) ds
0

T,(N,n,v) =E [1GN (1) Sup  sup

1<k<2mM tj_1<t<ty

Ts(N, n, ’V) :1GN,V(T) Z
1<k=<2"

Using the Cauchy-Schwarz and Young inequalities, (C5), (2.4), (4.9) and (4.10) in Lemma 4.3 with
Yno(s) =3,, we deduce that for some constant C; := C(T, M, N) independent of v €]0, v, ],

o]

(O'(tk,ug(tk))f (h(5) — () ds, 420, (80)) |

T
N _ _ 1 _
Ty, ) < K3 [ 16, ) f (Ro + Ry ud($)) 2 |y (5) = h()lo || U, (5) = U, 5)
0

T 1
<k (® [1GN,1,,(T)J 21w, (5) — uf, GIP + () — G} ds | )
0

T 1
x 1/ Ky +ky*KiN (EJ 2[1h, ()12 + h(s)I3] ds) <G 274, (4.29)

0

A similar computation based on (C5) and (4.10) from Lemma 4.3 yields for some constant C_,’3 =
C(T,M,N) and any v €]0,v;]

T 1 T 1
Ty, n,v) < y/ZNkale(E[lcN’v(T)J lud(s) — u Gl ds ] ) (EJ hy () = ()3 ds )
0 0
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Bz

<(C3274. (4.30)

The Holder regularity (C5) imposed on o (.,u) and the Cauchy-Schwarz inequality imply that
T
Ty(N,n,v) < CVN2 ™ E(16, J (1+1896)N) Iy (5) = hlods ) < C2™  (43D)
0

for some constant C, = C(T,M,N). Using Cauchy-Schwarz’s inequality and (C5) we deduce for
C, = C(T,N,M) and any v €]0,v,]

t

. _ _ 1 [k
TN v) SB[ Loy, sup (Ko +Kalu(e0)l) f 1, (5) — h(5)lo ds 10, ()] i |

Lr—1

SC(N)E( sup J (I ($)lo + 1h($)]o) ds) <C, 2. (4.32)

n
1<k<2" Jy, |

Finally, note that the weak convergence of h,, to h implies that asv — 0, for any a,b € [0,T], a < b,
b b

the integral fa h,(s)ds — fa h(s)ds in the weak topology of H,. Therefore, since the operator

o (ty, ug(tk)) is compact from H,, to H, we deduce that for every k,

ot e f

Hence a.s. for fixed n as v — 0, Ts(N,n,v) — 0 while Ts(N,n,v) < C(Ky,K;,N,n,M). The
dominated convergence theorem proves that E(Ts(N,n,v)) — 0 as v — 0 for any fixed n,N.

(53

—0 as v—0.
H

hv(s)ds—f k h(s)ds)

k— —

This convergence and (4.28)-(4.32) complete the proof of (4.27). Indeed, they imply that for any
fixed N > 1 and any integer n > 1

. ~n(3A7)
limsupE |1, (1) sup [Ts(t,v)|| S Cypp 2 477
0 M osesT o

V—>

for some constant C(N, T, M) independent of n. Since n is arbitrary, this yields for any integer N > 1
the convergence property (4.27) holds. By the Markov inequality, we have for any 6 > 0

1
P sup 11U, (Olla > &) < PGy (1)) + E( 16, ) sup U, (0I2),
0<t<T 6 Y osest

Finally, (4.20) and (4.21) yield that for any integer N > 1,

limsupIP’( sup U, (O)lly > 6) < C(T,M,5)N1,

v—0 0<t<T

for some constant C(T, M, ) which does not depend on N. Letting N — 400 concludes the proof of
the proposition. O

The following compactness result is the second ingredient which allows to transfer the LDP from
VYW to u". Its proof is similar to that of Proposition 4.4 and easier; it will be sketched (see also
[16], Proposition 4.4).
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Proposition 4.5. Suppose that the constants a, b, u defining B satisfy the condition a(14+u?)+bu? =0,
o satisfies the conditions (C5) and (C6) and let a € [0, %{]. Fix M >0, £ € V and let Ky, = {ug the

Sy}, where u2 is the unique solution in € ([0, T],V) of the deterministic control equation (4.4). Then
Ky is a compact subset of = 6([0, T],V) endowed with the norm ||u| o = supg<, <7 [[u(t)ll4-

Proof. To ease notation, we skip the superscript 0 which refers to the inviscid case. By Theorem 3.1,
Ky € 6([0,T],V). Let {u,} be a sequence in K,;, corresponding to solutions of (4.4) with controls
{h,} in Sy;:

du,(t) + B(u,(t))dt = o(t,u,(t)h,(t)dt, u,(0)=¢&.

Since S,; is a bounded closed subset in the Hilbert space L2(0, T;H,), it is weakly compact. So
there exists a subsequence of {h,}, still denoted as {h,}, which converges weakly to a limit h €
L?(0,T;H,). Note that in fact h € S); as S, is closed. We now show that the corresponding
subsequence of solutions, still denoted as {u,}, converges in X to u which is the solution of the
following “limit” equation

du(t)+ B(u(t))dt = o(t,u(t))h(t)dt, u(0)=E.

Note that we know from Theorem 3.1 that u € €([0, T], V), and that one only needs to check that
the convergence of u,, to u holds uniformly in time for the weaker || - ||, norm on V. To ease notation
we will often drop the time parameters s, t, ... in the equations and integrals. Let U,, = u,, — u; using
(2.12) and (C6), we deduce that for t € [0, T],

1Un(OI2 = —ZJ (A"B(un(s)) — AB(u(s)), A*Uy(s)) ds
0

+ 2J { (4 [0 1,5)) = 05, uls) Ty (5), AU (5))
0
+ (A% (5, u(5)) (y(5) — h(5)) , AUy (5)) }ds

=< ZCJ 1UR I (llun()Il + IIu(S)II)dS+2L3f 1Un I 1ra()lo ds
0 0

+ 2f (a(s, u(s)) [hy(s) — h(s)] , AzaUn(s)) ds. (4.33)
0

The inequality (3.4) implies that there exists a finite positive constant C such that
sup sup ([lu(O)I* + lluy(O)I*) = C. (4.39)
n 0<t<T
Thus Gronwall’s lemma implies that

sup [|U,(0)]I2 < exp (26& + 2L3\/MT)) Sy, (4.35)

Ose=T 1<i<5

where, as in the proof of Proposition 4.4, we have:
T
Ily = f | ((s,u(s)) [ha(s) — h(s)], A%*U,(s) — A2*U,,(5y)) | ds,
0
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(Lo, u(s) = oG, usN] () — RSN, 42U, Gy ) | ds,

T
2 _
ImN - J'
0
T
3 _
In,N - J
0

4 = sup sup
1<k<2N tp_1<t=ty

([, us) — oGy, uG )] [hals) — H(s)], 42U, Gy )

ds,

J

(a(tk,u(tk))f (hy(s) = Rs)ds , 429U, (1) )

ITSI,N = Z ’(G(tk:u(tk)) th [hn(s) —h(s)]ds, AzaUn(tk)) ‘

1<k<2N

The Cauchy-Schwarz inequality, (4.34), (C5) and (4.10) imply that for some constants C;, i =
0,---,4, which depend on k, K;, Lq, C, M and T, but do not depend on n and N,

1

T T
L < co(fo () = G)I + 1) — uGw)IP)ds ) JO (5) — ) )
<C 277, (4.36)
I}y < Co(JOT llu(s) — u(s‘N)Ilzds)ézx/M <Cy277, (4.37)
Ity £Go2 2 (14 sup Jlu(oll) sup (lu(o)ll+ luy()2vM < G4 275 (4.38)
0<t<T 0<t<T

Furthermore, the Holder regularity of (., u) from condition (C5) implies that

12 <C27N sup (Jlu(o)]l + lu,(OI)
0<t<T

T
X J (1 + u@INURE)No + 1ha(s)lo) ds < €277 (4.39)
0

For fixed N and k = 1,---,2N, as n — oo, the weak convergence of h, to h implies that of
f:kk (h,(s) —h(s))ds to 0 weakly in H,. Since o(t, u(t;)) is a compact operator, we deduce that for
—1

fixed k the sequence o (t;, u(ty)) f:kk (h,(s) —h(s))ds converges to O strongly in H as n — co. Since
-1

sup,, i U ()]l < 2\/5, we have lim,, Ile = 0. Thus (4.35)-(4.39) yield for every integer N > 1

limsupsup ||U,(¢)||% < Cc27NGAD),
n—oo t<T
Since N is arbitrary, we deduce that supy<,<7 [[U,(t)|l, — 0 as n — oo. This shows that every
sequence in K, has a convergent subsequence. Hence K}, is a sequentially relatively compact subset
of &. Finally, let {u,} be a sequence of elements of K;; which converges to v in . The above
argument shows that there exists a subsequence {u, ,k = 1} which converges to some element
uy, € Ky, for the uniform topology on 4 ([0, T],V) endowed with the || - ||, norm. Hence v = uy, Ky,
is a closed subset of &', and this completes the proof of the proposition. O

Proof of Theorem 4.2: Propositions 4.5 and 4.4 imply that the family {u"} satisfies the Laplace
principle, which is equivalent to the large deviation principle, in & defined in (4.7) with the rate
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function defined by (4.8); see Theorem 4.4 in [4] or Theorem 5 in [5]. This concludes the proof of
Theorem 4.2. O
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