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Overview

It was a blessing to be able to take part in academic research these past two semesters
with the help of Dr. Shader, the University of Wyoming Honors Program, and EPSCoR. From
the start [ knew that this experience was going to be a challenging yet fulfilling one, and I'm glad
that | embraced the opportunity to further my academic endeavors and problem solving abilities
through this program. | would surely do it again many times if | could.

The fellowship itself was incredibly helpful in aiding me throughout the semester.
Although the topic itself was enough to keep my attention, being employed by the University
gave me an extra incentive to work. Moreover, it gave me more of a sense of purpose than if |
were just doing the work on my own. | felt as if | were doing the research on behalf of the
institution, and | feel that | was provided with the resources necessary by them. The EPSCoR
staff was always incredibly helpful, understanding, and timely in everything that they did. Even
though most of my research was done on a computer or with a paper and pencil, | was provided
with necessary resources when appropriate. I don’t have any suggestions for the program, and I
am hoping that | will be able to take part in another fellowship again next year.

In relation to the research itself, I attained a massive amount of knowledge this year that |
wouldn’t have had previously. Although my research seems very specific, | was able to test and
enhance my problem solving abilities and work ethic. | was also able to more precisely
investigate and broaden my skills with computer programming, probability distributions,
expected values, and matrix theory. | also was able to strengthen my interpersonal
communication abilities.

| feel incredibly thankful to Wyoming EPSCoR and Dr. Bryan Shader for providing me

with this opportunity. | will continue to use what I have learned for years to come.



Zachary Hall 3

Research

Throughout each semester, my main work was in dealing with two dimensional
rectangular regions and tiling them using monomers and dimers. A monomer isa 1 by 1 tile
(small square) and a dimer is a 2 by 1 tile (like a domino). These regions, usually N by N, 2 by
N, or 1 by N, were each investigated in different ways and for different purposes, which will be
explained below. Figure 1 to the right shows a 6 by 6
region, with 15 dimers and 6 monomers. For small
regions, | was able to do a lot of work by hand using
probabilistic models. However, when the models
became larger, computer programming was imperative.

Most of the analysis performed during this year

was done using computer programs that | developed

with the help of Dr. Shader. These programs were

Figure 1.

developed in Sage Math, a Python-based language. In

order to develop code, a lot of theory was explained to me by Dr. Shader, or simply written
down, and then developed into code. This program was used for two purposes: calculations and
simulations. Many calculations that had to be found were of permanents and determinants of
specific matrices, which would be incredibly difficult and lengthy to do by hand. Our simulations
were ones that could be run thousands of times within a few minutes, and would provide an
overall outlook of some potential areas to look at. Some specifics on both of these uses of the
computer programming will be explained in this report. Supporting material for this research,

though not explicitly referenced in this paper, can be found in the works cited page.
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Year One

| began my research by figuring out how to enumerate the number of possible tilings of a
4 by 4 region that has two monomers and thus seven dimers. | was then able to extend this to a 6
by 6 and 8 by 8 region. Part of this was done by hand, figuring out different possible placements
of the two monomers, both of which could not be one the same color if our region was colored
like a checker board. It was discovered that there were 552 possible monomer-dimer tilings for a
4 by 4 region with the prescribed two monomers and seven dimers. | also discovered the
probabilities of a random tiling in regards to where the monomers were most likely to be placed:
for this region, monomers were most likely to be in the corners, then on the sides. The least
likely place for the monomers were on the interior of the 4 by 4 region. We then investigated a 6
by 6 region and an 8 by 8 region with two monomers and the rest dimers. It took more time, but
we found that there were 363,536 and 1,760,337,760 possible monomer dimer tilings for the
regions, respectively.

We also found that the most likely
location of a monomer was in the corners once
again for both of these regions. Figure 2 to the 6 5 4 4 5 6
right shows the ranking of likely locations for a
6 by 6 region. As we can see the corners are the
most probable locations, while the spots 2 4 3 3 4 2
adjacent to the corners are the least probable
locations. It was then a goal of ours to 6 5 4 4 5 6
mathematically prove for all regions that the

1 6 2 2 6 1
corner was the most likely location for the dimer
Figure 2.
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for all uniform tilings of any N X N region. Attempts to prove this by known combinatorial
methods were unsuccessful.

After this task was completed, Dr. Shader and | began looking into developing a system
to create a random, uniform tiling of dimers and monomers that were created by starting with a
tiling of nxn monomers, and tiling them with one another based on whether they both chose one
another. If so, they would in turn become monomers. Their probability of choosing one another
was one divided by the number of adjacent monomers to them. Thus, if two isolated monomers
existed, they would surely pair with one another. We then did extensive simulations with these
on 4x4, 6x6, and 8x8 regions and looked to make observations.

We would run these simulations about 1000 times. We found that between 4x4, 6x6, and
8x8, the mean number of times that it would take to converge into a “frozen” configuration was
about 3.5, 4.3 and 4.8 respectively. We don’t have enough information to make a conjecture
regarding whether this converges to a certain number for larger and larger configurations, but we
would assume that they would continue to increase as n increases. Furthermore, the standard
deviations for these number of steps to convergence for these tilings, regardless of n, was around
0.85. This is an interesting observation, and suggests that the amount of variance in the time to
converge for each of these is very similar if not identical. Also, there was no definitive pattern of
an increase in the standard deviation for the number of times it takes until the configurations
froze.

An additional observation that we made was in regards to the average (expected) number
of dimers for a configuration. This number obviously increased as N increased. When comparing
these averages to N?, the ratio was nearly identical for all three regions, approximately .4578. It

then became a goal of ours to find out what this number meant. Unfortunately, we also found
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that these distributions that were found were not uniform, and thus did not generate “random”
tilings in the same way that our other method would. Still, bonding tiles has applications in
chemistry and genetics.

In further investigating this ratio, we began looking at a 1 X N region. First, we were able
to use a computer program and the intermediate possible tilings to create these and find the
average number of dimers and average number of iterations. However, for larger N, this became
difficult. Because of this, we began looking at a way to generalize and justify an expected
number of dimers by hand, and find a formula, either recursive or explicit.

This was done using Markov chains and one-step probabilities. It was also the most
intricate and intensive part of the entire research project. However, | was able to come up with
the following recursive formulas:

N-4
(0 BN N-2 _ 2 N—-k-2, 5
En+gFn_st+ox—7 (FotEn-2)+ E (Fi+EN-k-2)

gN—-k
k=1

aN-=-2
2Nv=2 4
aN-1

N-3

v 1 2 : 1 2 -
En = Z 5551 (EN—k—2 + Ei) + 55— (Fo + En—2)

k=0

En indicates the expected number of dimers for a 1 X N region. Fy is an intermediate value used
to help calculate this, and its explanation is not within the scope of this report. As we can see
above, both of these are necessary in calculating the expected number of dimers, as previous
calculations for each are used within each calculation. After running this in SageMath, we found
that E20000 /20000= 0.433446533. This ratio is a bit different from the ratio for N by N region.
However, it is consistent for these 1 by N regions. For example, this value for the 1 by 10,000

region is the same to 5 decimal places. Because the most this could possibly be is 0.5, this value
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is surely bounded as N approaches infinity. However, the exact bound on this was not
discovered.

Closing out this first year, my place in this research was in attempting to find a closed,
non-recursive formula for the expected number of dimers for a 1 by N region using the
aforementioned method. Various questions were left unopen. | had made some progress with
this, but a couple of things were a bit difficult, and | was forced to abandon my efforts early in
the next school year. However, patterns seemed to be developing, and | think that with a little
work | will be able to figure this out eventually. 1 also had hoped to derive this mystery ratio and
either find it to be something in existence or a completely new ratio that was not well-known.
Another hope was to investigate the sequence of numbers that are my En and look to see if this is
a sequence that already exists. | was unsuccessful in my attempts. Still, | was very pleased to
have found a formula for these. Extending this into something like a 2 by N or N by N region

would be ideal in the future, but likely would be extremely difficult.

Year Two

Following my attempts over the summer, Dr. Shader and | decided to take things in a new
direction for the following year. Our initial inclinations included using further matrix theory in
order to continue to enumerate tilings. However, instead of doing this for a prescribed number of
monomers and dimers, we aimed to discover the total number of tilings possible regardless of
configuration.

We were able to do this and more with a bit of work. In order to do so, characteristic

matrices were developed for various planes. These characteristic matrices, denoted as Awm,
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describe monomer dimer tilings of M by 1 regions. Each entry in this 2™ by 2M matrix represents
the number of ways to extend a tiling of an M by N region with a given right hand boundary to
an M by (N-1) region with another given right hand border. These configurations are represented
by the row and column, respectively. The first entry, then, represents the total number of ways to
tile this region. Even more interestingly, if we take AY;, we will receive a characteristic matrix
for tilings of an M by N region. The first entry, again, describes the total number of tilings
possible. These matrices were created using numerical methods through coding in SageMath.

Beyond simply enumerating the number of configurations that are able to be constructed
by monomers and dimers in a particular region, these characteristic equations have an additional
property. Before describing this, I will explain how this was discovered. The Cayley-Hamilton
Theorem in matrix theory states that every square matrix satisfies its own characteristic equation.
In other words, the k™ power of a k by k matrix is a linear combination of the (k-1)" power of
that matrix down to the 0™ power of that matrix, also known as the identity matrix, 1. Because
our characteristic matrices’ first entry represents the number of possible tilings of each type of
region M by N region for A%;, we can conclude that the number of tilings of an M by N region
satisfies a linear recurrence, and can thus be constructed from matrices of size M by (N-1) and
smaller. For this to work, N must be greater than or equal to 2M. However, it may also be
possible to factor this characteristic equation such that a linear recurrence of a lower order is
allowed, lowering how great N needs to be to satisfy this recurrence.

Specifically, in order to employ this technique, we wanted to look at an 8 by N region
and its tilings. This required creation of a 256 by 256 matrix, Ag. Once this matrix is created, is it
possible to raise it to a power N so that the first entry of the AY matrix represents the number of

possible tiling of an 8 by N region. However, when we utilize the Cayley-Hamilton theorem, we



Zachary Hall 9

are able to create a recursion. Furthermore, this can be factored into a lower order polynomial, of
degree 136 (instead of 256), where the number of tilings of an 8 by N region satisfy the
recursion. This recursion is seen in the Appendix, where Ty represents the number of monomer-
dimer tilings of an 8 by N region. It should also be noted that a ratio appears to exist for a

enumeration of an 8 by N region in comparison to the enumeration of an 8 by (N-1) region:

TN

7ll_r)rolo - ~ 170.8771576.
This ratio seems to converge relatively quickly, and is likely the largest real root of the
characteristic equation for our matrix As.

Although it may seem futile to a non-mathematical individual, this result is rather
profound. The fact that we are able to create an equation in the form of a linear recursion for the
number of monomer-dimer tilings of a region is peculiar. Furthermore, it creates an opportunity
to save a lot computing power, as taking a 256 by 256 matrix to extremely high powers can be
computationally expensive. Meanwhile, storing these numbers of tilings and entering them into a
recursion is very inexpensive, and is able to be done very quickly. This is why this clever
technique is so important.

This result is not only profound, but it may be original. Although recursive formulas for
M by N regions have been established (online and otherwise) in various encyclopedias, we were
unable to find any for M greater than or equal to 8. With this technique, we were able to find a
potentially unique result not found by any others. Moreover, we created a way to find recursions
for any M greater than 8, as our code is very flexible in its structure, able to adjust for various
sizes of M (originally this was not the case, but we made more discoveries -- see below).

Moving forward, it was in our interest to not only characterize these regions’ number of

tilings, but the compositions of their tilings as well. In order to do this, we were able to use these
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same characteristic matrices in order to discern between vertical and horizontal dimers, and thus
enumerate how many different tilings were possible using various combinations of vertical and
horizontal dimers. This allows us to characterize our tilings with an increased degree of detail.
To demonstrate this change, observe the two matrices below. The first represents our
original characteristic matrix, As, for a 3 by 1 region. The second is updated to reflect vertical

and horizontal dimers:

3 211 2 111
2 01 01 0 1 O
11 0 0 1 1 0 O
1 0 0 01 0 0 O
21 11 0 0 0 O
1 010 0 0 0 O
110 0 0 0 0 O
1 0 0 0 0 0 0 O
2v+1 hv+h h h*> hv+h h® h* h¥
v+1 0 h O h 0 h? 0
1 h 0 O h h> 0 0
1 0 0 O 1 0O 0 O
v+1 h h h? 0 0O 0 O
1 0 1 0 0 0O 0 O
1 h 0 O 0 0O 0 O
1 0 0 O 0 0 0 O-
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These two matrices contain the same information in different forms. As one can observe, the
coefficients of each entry in the updated matrix add up to the entry in the original matrix. This is
because each combination of v’s and h’s represents one tiling possible with that combination
vertical and horizontal dimers. For example, the first entry of 2v+1 indicates that a 3 by 1 region
can be tiled in two different ways with one vertical dimer and one way with no dimers
(monomers only). This is a total of three times. Other examples would include hv, which
describes a possibility of one vertical and one horizontal, and v2h3, which describes a possibility
for two vertical dimers and three horizontal dimers. Then, when one takes the updated matrix to
a power, it can see not only the number of ways to tile the region, but also the number of ways to
tile region with a specific set of monomers and dimers.

This code is also flexible, and can be used for any region of any size (subject to
computing power restrictions). This is due to a discovery we made while creating these
characteristic matrices. At a low k, finding the updated Ax is somewhat easy, and can be done by
hand. Fortunately, at low k, we were able to observe a relationship between Ak and the

characteristic of the two previous regions, where M = k-1 and k-2 . The relationship is described

below:
v¥A,_, 0 0 O
Ak—l h*Ak_1 0 0 0 O
A, =
=lae, o [Tl o o0 0 0
0 0 0 O

In the above equation, for the first matrix, O represents a matrix of the same number of rows and
colums as Ax-1 (# of rows = # of columns = 2¥1). In the second matrix, O represents a matrix of
the same number of rows and columns as Ax-2 (# of rows = # of columns = 2¥?). These block
matrices described above show that we can construct Ak using just the previous two

characteristic matrices. Furthermore, this technique can be extended to our original characteristic
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matrices, which don’t include v’s and h’s. Here, we can replace v and h with 1, and this recursion
of characteristic matrices will remain true. Because of this discovery, we are able to create a
linear recurrence for M of size greater than 8, and also characterize any M by N region within
our computing abilities.

The final work that Dr. Shader and | completed related to the work done at the end of
Year 1. Previously, we had looked at ways to dynamically pair monomers with one another to
create dimers in order to eventually get a “frozen” formation of monomers and dimers where
monomers were isolated. This was first done using a simulation that paired monomers together
and eventually froze, stored this information, and started over, storing the information and then
presenting it (e.g. mean number of dimers, mean number of iterations, standard deviation, etc.).
This was then taken into a more theoretical realm, where a two-part recursion was found for 1 X
N regions and the number of dimers possible.

Still, we hoped to extend our techniques here. The main hope was to once again find out
the expected number of dimers for any region. In order to do this, we planned to create
probability distributions for any M by N region. These would be in matrix form, and would each
entry would be the probability of transitioning from one configuration (represented by the row)
to another configuration (represented by the column). Each terminal, or “frozen”, configuration
would be the last rows and columns in the matrix.

For small M and N, this is not particularly difficult by hand. We must create every
possible tiling of the region and then use these tilings to create probability distributions. For

instance, for a 2 by 2 region, the corresponding probability matrix is as follows:
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1 3 3 3 3 1 17
8 16 16 16 16 16 16
o o 0o o o o0 1
0o 0 0 0 O 0 1
o 0o 0 o o0 1 O
o 0o 0 o o0 1 O
0o 0 0 0 O 1 O
o o 0 o o o0 1

The first entry, 1/8, represents the probability of a matrix going from all monomers to all
monomers again in one step. The two terminal configurations are the rightmost ones, indicating
two horizontal or two vertical dimers with equal probability of 1/16 in one step. To find the
probability distributions, we want to take this matrix and raise it to a power that is essentially
infinite, exhausting the possibility of it not freezing. This can be done through known
combinatorial methods.

In order to do this for greater regions, the plan was to first generate every possible tiling
of the given region. These would be stored as matrices, where a 0 represented a monomer,
consecutive 1’s represented a horizontal dimer, and consecutive 2’s represented a vertical dimer.
We would then find probabilities of the transitions between each. These steps would both be
done using extensive coding, and were likely to be computationally expensive.

This first step of creating every possible tiling was somewhat troublesome but was
accomplished. Two different techniques were implemented. The first was very computationally
inefficient, and included running through every possible tiling generated from every starting
position on the region, then comparing it to previous tilings to see if any replications were made.
The second technique, which was slightly more efficient, included creating dimers by moving

from left to right on any region and creating every possibility.
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Even with this slight improvement, some computational issues continued to persist. Just
for a 6 x 6 region, which was previously confirmed to have 2,989,126,727 different possible
tilings, it took over two hours to compute and store all of the possibilities. Furthermore, even if
we had found an even more efficient way to compute and store all of these configurations, the
probabilities were an even greater problem. Computationally difficult “permanent” calculations
were required, and the best known algorithm for calculating the permanent grows exponentially
in the size of the matrix being used. Although techniques to calculate the probability

distributions do exist, the computational difficulties are too much to overcome at this moment.
Conclusion

In closing, this research experience was extremely beneficial both to my personal and
academic growth. More than anything, | learned the value of consistency and hard work from
this project. | learned that you get out what you put in. When | put effort forth | got results both
in the mathematics and my satisfaction. The mathematical discoveries that we made were (we
believe) some that have not been found before, and we were able to ask and answer questions
that haven’t been asked or answered. | learned not only this, but also that setting your sight on
accomplishing a goal is crucial: as you work toward solving that problem, others will present
themselves to you, creating new worlds of possibility and discovery. It is pretty evident here that
a lot of our “goals” were not met. Still, discoveries were made and curiosities were satisfied. Dr.
Shader’s patience and guidance throughout the process has helped foster character growth and
intellectual stimulation. I am extremely grateful for having been given the opportunity to delve

into what | love at such a degree of depth.
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Appendix
Tn=- (- 133*Tn-1- 9461* T2+ 444475*T N3+ 15682766* T N-a- 722541212*T s -
7305389710*T n-6 + 574267000999* T n.7 - 2336535334837*T n-g - 200490394546923*T N9 +
2620225796537763*T N-10 + 22210634958891288* T N-11 - 594192783412443668* T N-12 +
135677761300820584*T nN-13+68291719890210235765* TN-14 -268253654813476148557* T N-15 -
4897897088354628204037*T n-16 + 32106480529052355996947* T n-17 +
240221865853213692513646* T n-18 - 2205255429287360287663828* T N-19 -
8445503733084012538100930*T n-20 + 105424445526424788867448129* T N-21 +
217656595167541099027241277*T N-22 - 3778051356642872417227619329*T N-23 -
4118319568948717066962940555* T n-24 + 105530204969194957840204391736* T n-25 +
55437099892457787805787214776*T N-26 - 2352103545039041309009191719892*T N-27 -
460719066884487506019308882960*T n-28 + 42476468145554942776805877378388* T n-20+
233003308722109473088318443912*T n-30 - 628258587003838704047248893795760* T N-31 +
66144123645194765698640079306888* T N-32+7674627201184383046052224357363136* T N-33
- 1340808142309514586202784313960628* T N-34 -
77977614948100967363352602387980392*T N-35 +
17710060408737102039827341689606212*T N-36 +
663109674633167697585120227052536920* T N-37 -
183812384084138028231288456367143408*T n-3s -
4745673866583251087778883289502615112*T N-39 +
1580720710972574861834599012583394680* T N-40 +
28717872018960545645147752488137757108*T N-41 -
11450161864856077627096261433137174096*T N-42 -
147499611823739883597971922391251223668* T N-a3 +
70139940418462634682213929007733252344*T N-24 +
644778199309235355263831598830302415456* T N-45 -
363521052769594251068596872628892553224*T N-a6 -
2402877680437916794084244598863714178800* T n-a7 +
1594463482763649534997173293235340917860*T N-48 +
7637918093582185817749811172003319302776* T N-49 -
5923238530179938960001709451510430307652*T N-50 -
20692829517443380445184695920359646266120* T N-51 +
18658921893033757517437628756062941899136* T N2 +
47678200153216934821057505404645302122552*T N-53 -
49909584790733215751702936922467009425928*T N-54 -
93049978073204866075629570932386189006036* T N-55 +
113502441451884802372040896060554364606618* T N-56 +
152769202965685260477252485841385426860194*T n57 -
219689890860297149656872045775244968806202* T N-s58 -
208538581462627634177673224011398107039090*T n-s9 +
362186408515036802236578382816937887307604*T N-60 +
231583216340388172415734989740624526648040*T Nn-61 -
508815589260806876726332156376678124527856* T N-62 -
199511556049127432079580538361588420627554* T n-63 +
609146202822432337135677069553266362499938*T N-64 +
115685446686219687847079510107356658097786* T N-65 -
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621228006964437162530574083340040295772194* T n-66 -
12323963767787290354203044966711671013016*T n-67 +
539187719727687440576870235410748979798768* T n-6s -
69196190891622601830021054203827039370140*T n-69 -
397593545509809866076124391420821633706510* T n-70 +
104724663813101135493862892841475797348218*T n-71 +
248363519079874307046439853793655260830854* T n-72 -
97862981327634280809417121471502709000514*T N-73 -
130795976441100192637608003785075261531932*T n-74 +
69397920382446407179806195401580650642216*T .75 +
57598154488724980663739183207018398465568* T N-76 -
39648596154226731866424865214134243859598* T N-77 -
20899033253313459363776687332184838761346* T N-78 +
18721516448682307117346835217196454333550*T n-79 +
6065122481600250831117364572797505903122*T n-go -
7401055389943201821614134365040083229336*T n-s1 -
1307969231366264349869150413745863563032*T n-s2 +
2466782192227467591486136016635686553028* T n-g3 +
156538894969789160549122868444160867176* T n-84 -
695749028767702982216663548249961493468* Tn-g5 +
19708749609019144152080387221239666336* T n-gs +
166296820209539410319974498394099965144*T -7 -
17731497803879254616619733212388300120* T n-gs -
33670343614659667140103292281293747296* T n-g9 +
5969347026024679242202847282076954676* T n-00 +
5761697830829375479432618138382723472*T n-o1 -
1414053437640961753983628295878741196* T n-92 -
829436150472436507210554397181763488* T n-93 +
262616164730721248066086269969375544* T N-94 +
99636211841814761235671518815106216*T n-o5 -
39727249221369351225931085048895032* T n-96 -
9845779044297740637212618186114276* T n-97 +
4979177934183703682276054843625032* T n-98 +
778808413505994194885045052234572* T N-99 —
521238177148062092132713569110480* T n-100-46328294588824719175910215052856* T n-101
+45729272114336732438727405242104* T N-102+1676452010764307958894464978192* T N-103
- 3363708718053800170650326497828*T N-104 + 17765838540925500641581201824* T N-105 +
207076998801242856257595189388* T n-106 - 8320005100520444645279556240* T n-107 -
10629252094055881729203696328*T n-108 + 747391028292850813993541288* T N-109 +
452285512699731340844064488*T n-110 - 44102090550079334589038556* T N-111 -
15823134252379312841047155*T n-112 + 1953674907115026768200619* T n-113 +
449950410559530458487559*T N-114 - 67572041233022188815217* T N-115 -
10231010153869437886162*T n-116 + 1847224706085531028052* T N-117 +
181435469773370441150*T n-118 - 39925989105913412653* T N-119 —
2403892049986597541*T N-120 + 677539907865483897* T n-121 + 21669402107229687* T N-122 -
8909296403730784*T N-123 - 93425417623964*T N-124 + 88991372785956* T N-125 -
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547063867615*T N-126 - 656045967301* T N-127+ 12548072151* T N-128 + 3420483719* T N-129 -
100111298*T N-130 - 11790708* T N-131 + 437922*T Nno132 + 23797*T N-133 - 1027*T N-132 —
21*T N-135134 +1)
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