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ATSC5011 Physical Meteorology II  

Graduate Course in Cloud Physics and Cloud Dynamics 

 

This online resource contains text and graphics developed for the course ATSC5011 taught at the 

University of Wyoming.  

Guides to the twelve computer problems are also components. Participation in the computer 

problems requires the following:  

1) A license for the language called Interactive Data Language (IDL), and  

2) the IDL scripts developed for the ATSC5011 computer laboratory. The IDL scripts are available in a 

ómaterialsô file which is a separate component of this open online resource. 

 

Jeff Snider 

September 2024 
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ATSC5011 Physical Meteorology II  

4 Credit Hours, 11:00 to 11:50 MWF and 10:00 to 12:00 T 

Modality: In-Person   

Jeff Snider, EN6019, jsnider@uwyo.edu 

A calculator with a non-linear equation solver is needed for some homework and some test problems. The TI-83 

or TI-84 are recommended. 

 

Computer Laboratory  

Materials (laboratory guides and IDL scripts) will be provided when me meet 10:00 to 12:00 on Tuesdays. 

 

Preamble 

 

This document is a guide. Circumstances may alter the schedule. You are required to check in on this class in 

WyoCourses at least once a week for announcements and updates. 

 

Brief Description 

ATSC5011 is a graduate-level investigation of the behavior of clouds and the behavior of hydrometeors 

within clouds. Topics include cloud dynamics, visible light scattering within clouds, activation of aerosol to 

droplets, nucleation of ice crystals, diffusion growth of droplets and ice crystals, and rain and snow 

development via collection. 

Learning Objectives 

How thermodynamic and cloud properties change during upward and downward air motion 

How thermodynamic constraints are applied in cloud-model calculations 

How a computational equation solver (NEWTON) is applied in thermodynamic and cloud calculations 

How an ordinary differential equation solver (RK4) is applied in thermodynamic and cloud calculations 

How cloud kinematics (updraft and downdraft) are coupled to cloud microphysics in cloud-model calculations 

How entrainment of dry air into clouds affects cloud liquid amount and cloud temperature 

Visible light scattering within clouds 

How activation of aerosol to droplets, and nucleation of crystals, affects clouds and precipitation 

How rain, graupel, and hail develop via collection 

 

Schedule 

Topic: Atmospheric Thermodynamics and Cloud Dynamics, Clouds, Introduction to Cloud Microphysics 

Reading: Sections 1.1 to 1.5 Iribarne and Godson; Chapter 1 to Section 1.8 Curry and Webster; Chapter 1 Lamb 

and Verlinde; sections 4.13 and 4.14 Iribarne and Godson  

 

Cloud Thermodynamics ï Topic: Thermodynamic processing of humid air 

 

Cloud Thermodynamics ï Topic: Cloud thermodynamics along a streamline 
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Cloud Thermodynamics ï Topic: An alternate theory for describing liquid amount in clouds 

Albrecht et al. (Geophys. Res. Lett., 17, 89-92, 1990) 

 

Cloud Dynamics ï Topic: Brunt-Vaisala Frequency 

Reading ï pp. 48 ï 54 Rogers and Yau 

 

Cloud Dynamics ï Topic: Longwave-cooling-driven circulations within a cloud-topped boundary layer 

Reading ï Sections 6.3 and 6.4, Lamb and Verlinde 

 

Midterm Exam 

 

Cloud Radiative Properties ï Topic: Visible light scattering within clouds 

Reading ï Sections 7.4.4, 13.3, 13.4, Petty 

 

Droplet Growth by Condensation 

Reading ï Chapter 7, Rogers and Yau 

 

Activation of Cloud Droplets 

Reading ï Section 7.1, Lamb and Verlinde 

 

Crystal Growth by Deposition 

Reading - Chapter 9, Rogers and Yau 

 

Continuous Growth of Drizzle to Rain 

Reading ï Chapter 8, Rogers and Yau 

 

Riming Growth and Hail  

Reading ï Selected sections of Chapters 12, 13, Rogers and Yau 
 

Final Exam 

 

Textbooks 

 

Physics and Chemistry of Clouds, D.Lamb and J.Verlinde, Cambridge University Press, 2011 

Atmospheric Thermodynamics, Second Edition, Iribarne and Godson, Reidel, 1981 

A Short Course in Cloud Physics, Third Edition, R.R.Rogers and M.K.Yau, Elsevier, 1989  

Thermodynamics of Atmospheres and Oceans, J.Curry and P.Webster, Academic Press, 1999 

A First Course in Atmospheric Radiation, Second Edition, G.Petty, Sundog Publishing, 2006 

 

Grading  

 

Midterm Exam 25%, Final Exam 25%, Homework 25%, Computer Lab Problems 25% 
 

  



ATSC5011. Revision 2024b Page 4 

 

 

Rules 

 

1) Homework is an essential part of this class. Iôm insisting that your homework be unique.  

2) All assignments (homework and lab assignments) must begin with a statement of the question or a 

statement of what is requested. 

3) Tests will cover the lecture material, reading, homework, and material from the computer lab. 

4) No cell phone use in lecture or in lab. If you need to communicate via phone, please take your 

conversation to the hallway. It does not bother me if you leave the venue, but I am bothered by people who use 

their phone in class or lab. 

 

 

Academic Dishonesty  

 

The University of Wyoming is built upon a strong foundation of integrity, respect, and trust. All members of the 

university community have a responsibility to be honest and the right to expect honesty from others. Any form 

of academic dishonesty is unacceptable to our community and will not be tolerated. Teachers and students 

should report suspected violations of standards of academic honesty to the instructor, department head, or dean. 

Other University regulations can be found at http://uwadmnweb.uwyo.edu/legal/universityregulations.html. 

 

Disability Services  

 

If you have a physical, learning, or psychological disability and require accommodations, please let the 

instructor know as soon as possible. You must register with and provide documentation of your disability to 

University Disability Support Services in SEO, Room 330 Knight Hall. 
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Review of Thermodynamic Concepts (see Problems 1 and 2 for details) 

 

Wet bulb Temperature 

This is the temperature an air + water vapor mixture (humid air) would have if processed adiabatically and 

isobarically such that a saturated end state is reached. In instances where the humid air is initially subsaturated (RH < 100 

%), this process occurs as the air is modified by the addition of liquid water. In other words, the wet bulb temperature is 

the minimum temperature achieved by evaporating liquid water into subsaturated air. There is another case. This involves 

the condensation of liquid within humid air containing vapor that is initially supersaturated (RH > 100 %). 

http://glossary.ametsoc.org/wiki/Wet-bulb_temperature 
 

Dew point Process 

This process involves an air + water vapor mixture (humid air) and is diabatic and isobaric. Typically, at the 

initial state, the humid air is subsaturated (RH < 100 %) and at the end state it is saturated (RH = 100 %).  

http://glossary.ametsoc.org/wiki/Dewpoint 

 
Vapor Mixing Ratio  

Consider an air parcel containing an air + water vapor mixture (humid air). The vapor mixing ratio is the ratio of 

the mass of water vapor divided by the mass of dry air associated with the mass of vapor. 

v

d

m
w vapor mixing ratio

m
¹ =   

https://glossary.ametsoc.org/wiki/Mixing_ratio 

 

Specific Humidity 

Consider an air parcel containing an air + water vapor mixture (humid air). The specific humidity is the ratio of 

the mass of water vapor divided by the sum of the masses of vapor and dry air. 

v

v d

m
q specific humidity

m m
¹ =

+
  

Kirchhoffôs Equation  

This expresses the temperature dependence of a property that is central to the thermodynamics of phase change. 

The formulation shown here is for the specific enthalpy difference associated with vaporization (aka, the latent heat of 

vaporization). There is a similar formulation for the specific enthalpy difference associated with sublimation (aka, the 

latent heat of sublimation). 

Differential Form:  ( )v
pv

dL
c c

dT
=- -  

Integral Form:   
, ( ) ( )v v o pv oL L c c T T= + - Ö - 

http://glossary.ametsoc.org/wiki/Kirchhoff's_equation 

 
  

http://glossary.ametsoc.org/wiki/Wet-bulb_temperature
http://glossary.ametsoc.org/wiki/Dewpoint
https://glossary.ametsoc.org/wiki/Mixing_ratio
http://glossary.ametsoc.org/wiki/Kirchhoff's_equation
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Thermodynamic processing of humid air  (see Problems 1 and 2 for details) 

 

This table and the figure describe state-to-state processing of humid air. During processing, the 

thermodynamic state is altered. The processes are defined in the third column of the table. The initial state and 

process description are sufficient for calculating end-state properties. The latter are in the last column of the 

table.  

The last row of the table describes processing of air that ascends from its lifted condensation level 

(LCL) (initial state) to a higher-altitude cloud state (end state). In that case, the state-to-state processing occurs 

along the red line illustrated in the figure. That line is commonly referred to as the ñsaturation vapor line.ò 

States on the vapor line are characterized by RH = 100 %, states above the vapor line are supersaturated (RH > 

100 %), and states below the vapor line are subsaturated (RH < 100 %). 

Initial  

state 

(see graph) 

End 

state 

(see graph) 

Verbal description 

of the process 

Properties that are 

constant 

End state 

properties 

{ }T,e  { }dT,e  
Diabatic and  

isobaric cooling 

to saturation 

Vapor mixing ratio,  

pressure, and parcel mass 

Dew point 

temperature 

{ }T,e  { }wbT,e  
Adiabatic and isobaric 

humidification  

to saturation 

A parcelôs specific enthalpy 

and pressure 

Wet bulb 

temperature 

and the 

amount of 

liquid that 

saturates 

the parcel 

{ }T,e  { }LCLT,e  
Ascent to the lifted 

condensation 

level (LCL) 

Potential temperature, vapor 

mixing ratio, 

and parcel mass 

LCL 

pressure 

and LCL 

temperature 

{ }LCLT,e  { }cloudT,e  Saturated ascent 
Saturated entropy and 

 parcel mass 

Cloud 

temperature 

and cloud 

liquid 

amount 
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Hydrometeor Size 

In the figure, hydrometeor size is stated as a diameter. In ATSC5011, hydrometeor size is stated as a 

radius. In terms of radius, the characteristic cloud droplet size is 0.01 mm. In ATSC5011, hydrometeor 

size is expressed in micrometer (ɛm).  Hence, the characteristic radius of a rain drop is 1000 ɛm, the 

characteristic radius of a cloud droplet is 10 ɛm, and the characteristic radius of a (cloud) condensation 

nucleus (CCN) is 0.1 ɛm.  

There is variation about the characteristic radii. CCN radii range from ~ 0.02 to ~ 0.2 ɛm, cloud droplet 

radii range from ~ 1 to ~ 30 ɛm, and rain drop radii range from ~ 100 to ~ 3000 ɛm. In ATSC5011 we also 

consider hydrometeors with radii between CCN and cloud droplets, and hydrometeors with radii 

between cloud droplets and rain drops. These additional hydrometeor categories are haze droplets and 

drizzle drops, respectively. 
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These are pictures of mixing clouds. The hydrometeors within mixing clouds are liquid and have a radius 

equal to ~ 3 ɛm. Based on definitions presented on the previous page, these hydrometeors are cloud 

droplets.  

 

A common misconception is that water vapor molecules are the objects that scatter the light  that allows 

us to visualize a mixing cloud. While it is true that the concentration of water vapor molecules is 

enhanced within a mixing cloud, the size of vapor molecule is too small to produce noticeable scatter. The 

size of a vapor molecule is ~ 0.0001 ɛm. For mixing clouds, and for  clouds in the lower troposphere, cloud 

droplets are the hydrometeors responsible for  the light scattering. It is evident from these pictures, and 

from general experience, that scattering by clouds is equally probable for all visible-light wavelengths. 

Hence, the color of the scattered light is ñwhite.ò 

 

Problem 7 investigates light  scattering by clouds. 

 

Incidentally, the material contained within cloud droplets is liquid water . This material has a constant 

density. We symbolize that density as r = 1000 kg m-3.   

 

The meter-kilogram-second (MKS) system is applied in ATSC5011. 

 

 

https://glossary.ametsoc.org/wiki/Mixing_cloud 

 

  

https://glossary.ametsoc.org/wiki/Mixing_cloud
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Cloud thermodynamics along a streamline (see problem 3 for details) 

 

 

 

 

 

 

 

 

 

 

 

State 1 to state 2 

Subsaturated adiabatic ascent to the LCL; potential temperature and vapor mixing ratio are constant 

Rd
Co pd

1 2
2

P
ɗ T

P

å õ
= Öæ ö

ç ÷
 

( ))T(eP/)T(eŮw 2s22s1 -Ö=  

State 2 to state 3 

Saturated adiabatic ascent from the LCL to a prescribed cloud state pressure; saturated entropy and total mixing 

ratio are constant 

( )2 pd tot,3 3 d 3 s 3 v 3 3 3s C w C ln(T ) R ln( P e (T )) L (T ) w / T= + Ö Ö - Ö - + Ö 

( ))T(eP/)T(eŮw 3s33s3 -Ö=  

( ) 3,tot2s22s2,tot w)T(eP/)T(eŮw =-Ö= . 

Note: P3 is prescribed  

1 

2 

3 4 

5 

6 
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Cloud thermodynamics along a streamline (see problem 3 for details) 

 

State 3 to state 4 

Condensate (cloud liquid water) is removed from the air as precipitation. We parameterize this process using a 

prescribed precipitation efficiency 

.     

Note: PE is prescribed 

State 4 to state 5 

Saturated adiabatic descent from the cloud state to the LCL; saturated entropy and total mixing ratio are 

constant 

( )4 pd tot,5 5 d 5 s 5 v 5 5 5s C w C ln(T ) R ln( P e (T )) L (T ) w / T= + Ö Ö - Ö - + Ö 

. 

Note: When using IDLôs NEWTON, you should guess the pressure 5P  as 1P  

State 5 to state 6 

Subsaturated adiabatic descent to the original pressure ( ); potential temperature and vapor mixing ratio 

are constant 

Rd
Co pd

5 6
6

P
ɗ T

P

å õ
= Öæ ö

ç ÷
 

. 

Note: P6 is prescribed 

  

  

( )PEww -Ö= 13,4, ^^

( ))T(eP/)T(eŮw 5s55stot,4 -Ö=

16 PP =

( )6665 eP/eŮw -Ö=
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An alternate theory for describing liquid amount in clouds 

In Problem 3, you saw how thermodynamics is used to calculate the liquid amount within an air parcel 

that ascends higher than its LCL. Parcel temperature was also calculated. Implicit in the calculations are three 

assumptions: 1) The air parcel is closed to mass exchange with its surroundings, 2) there is no transport of 

sensible energy (aka, heat) between the parcel and its surroundings, and 3) the parcelôs relative humidity is 

constant (RH = 100 %). These assumptions are conveyed using the following descriptors: closed, adiabatic, and 

saturated.   

This section presents an alternate representation of the closed, adiabatic, and saturated theory. As before, 

the new equations can be used to calculate the temperature and cloud liquid amount within clouds unaffected by 

entrainment/mixing, by the fallout of precipitation, or by diabatic processes. Only relatively thin clouds should 

be analyzed using this alternate approach. Cloud types in this category are stratus, stratocumulus, and small 

cumulus. We will express the amount of liquid in two ways: as an amount of liquid associated with one 

kilogram of dry air (w ; liquid water mixing ratio) and as an amount of liquid associated with one cubic meter 

of cloudy air (LWC; liquid water content). 

The alternate theory is based on an equation for the lapse rate of liquid water mixing ratio (G) 

(Albrecht et al. 1990; references are provided at the end of this section). 

H)eP(

Pw
ũ

TR

Lw)wŮ(
ũ

scb

cbs
s2

cbd

vss

Ö-

Ö
-Ö

Ö

ÖÖ+
=̂ .        (1) 

Here, 
sw  is saturation vapor mixing ratio, vL is a specific enthalpy difference (aka, the latent heat of 

evaporation), 
sG is the saturated adiabatic (temperature) lapse rate, se is saturation vapor pressure, and H is a 

scale height. Next, we see how 
sw , vL , 

sG , se , and H  are formulated in terms of temperature and pressure. 
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An alternate theory for describing liquid amount in clouds (continued) 

In ATSC5011 we represent cloud base temperature and pressure as cbT and 
cbp . Both here and in 

Albrecht et al. (1990), the scale height in Equation 1 is calculated using the dry air gas constant (
dR ), cloud 

base temperature, and the gravitational acceleration (g) 

/d cbH R T g= Ö .           (2) 

Additionally, we formulate the temperature-dependent specific enthalpy difference (aka, the latent heat 

of evaporation) using Kirchhoffôs Law 

, ( ) ( )v v o pv oL L c c T T= + - Ö -          (3) 

and we formulate the saturation vapor pressure as 

( )( ), ,exp ( ( ) ) (1/ 1/ ) ( ) ln( / ) /s s o v o pv o o pv o ve e L c c T T T c c T T R= Ö + - Ö Ö - - - Ö .   (4) 

In Equation 4, the reference saturation vapor pressure is 
,s oe = 610.7 Pa. 

Starting with the definition of vapor mixing ratio as the ratio of two extensive properties (i.e.,

/v dw m m= ), the saturated vapor mixing ratio can be expressed as 

/ ( )s s sw e p ee= Ö -           (5a) 

At cloud base this is  

( ) / ( ( ))s s cb cb s cbw e T p e Te= Ö -           (5b) 

The Smithsonian Tables and atmospheric physics textbooks provide formulas for the saturated adiabatic 

temperature lapse rate (
sG) (List 1951; Iribarne and Godson, 1981; Bohren and Albrecht 1998; Curry and 

Webster 1999). The formula from Curry and Webster (1999) is the one we apply. 

( )( )2 2( / ) 1 / ( ) / 1 / ( )s pd v s d v s pd dg c L w R T L w c R TeG = Ö + Ö Ö + Ö Ö Ö Ö     (6a) 

At cloud base this is 

( )( )2 2( / ) 1 ( ) ( , ) / ( ) / 1 ( ) ( , ) / ( )s pd v cb s cb cb d cb v cb s cb cb pd d cbg c L T w T p R T L T w T p c R TeG = Ö + Ö Ö + Ö Ö Ö Ö. (6b) 

Equation 1 and the gas law for dry air can be used to derive the lapse rate of liquid water content. 

( )( ) /lwc s dp e R TG = - Ö ÖG          (7a) 

At cloud base this is  

( )( ( )) / ( , )lwc cb s cb d cb cb cbp e T R T T pG = - Ö ÖG .        (7b)
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An alternate theory for describing liquid amount in clouds (continued) 

We now assume that the lapse rates in Equations 1, 6b, and 7b, are constants for the vertical extent of a 

cloud layer.  In that case, the vertical profile of liquid water content is 

( ) ( , ) ( )lwc cb cb cbLWC z T p z z=G Ö -,         (8) 

where cbz  is cloud base altitude, and the vertical profiles of liquid water mixing ratio and temperature are 

( ) ( , ) ( )cb cb cbw z T p z z=G Ö -          (9) 

( ) ( , ) ( )cb s cb cb cbT z T T p z z= -G Ö -         (10) 

In ATSC5011, we refer to Equations 8, 9 and 10 as linear saturated adiabatic theory. 

Researchers who have means of estimating both the thermodynamic state at cloud base (
cbp  and cbT ), 

and cloud thickness ( )ct cbz z- , use Equation 8 to derive an adiabatic liquid water path [ ; e.g., Albrecht et 

al. (1990)]  

2( ) (1/ 2) ( )
ct

cb

z

lwc ct cb
z

LWP LWC z dz z z= Ö = ÖG Ö -ñ .       (11) 

Cloud properties calculated for ranges of cbT and 
cbp , assuming a 500 m thick cloud, are presented in 

Table 1. 

Paluch (1979) analyzed observations of liquid amount made in cumulus clouds and demonstrated that 

these are generally smaller than the prediction of saturated adiabatic theory. 

  

LWP



ATSC5011. Revision 2024b Page 14 

 

An alternate theory for describing liquid amount in clouds (continued) 

 

Table 1 ï Cloud properties derived using Equations 1-11. The cloud-top liquid water content and the liquid 

water path assuming ct cbz z-  = 500 m. 

 

Liquid Water Content Lapse Rate, g m-3 km-1 (Equation 7b) 
 

Pcb=900 hPa 

 

Pcb=800 hPa 

 

Pcb=700 hPa 

Tcb= 10 oC 2.10 1.95 1.80 

Tcb= 0 oC 1.61 1.53 1.43 

Tcb= -10 oC 1.09 1.05 1.01 

Saturated (temperature) Lapse Rate, K  km-1 (Equation 6b) 
 

Pcb=900 hPa 

 

Pcb=800 hPa 

 

Pcb=700 hPa 

Tcb= 10 oC 5.09 4.87 4.61 

Tcb= 0 oC 6.27 6.03 5.76 

Tcb= -10 oC 7.47 7.27 7.03 

Liquid Water Content at Cloud Top, g m-3 (Equation 8) 
 

Pcb=900 hPa 

 

Pcb=800 hPa 

 

Pcb=700 hPa 

Tcb= 10 oC 1.048 0.977 0.899 

Tcb= 0 oC 0.805 0.764 0.717 

Tcb= -10 oC 0.544 0.525 0.504 

Liquid Water Path, g m-2 (Equation 11) 
 

Pcb=900 hPa 

 

Pcb=800 hPa 

 

Pcb=700 hPa 

Tcb= 10 oC 262 244 225 

Tcb= 0 oC 201 191 179 

Tcb= -10 oC 136 131 126 
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An alternate theory for describing liquid amount in clouds (continued) 
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Linear saturated adiabatic theory is adequate for describing, within a cloud of moderate depth (< 1500 

m), the profile of temperature and the profile of liquid water amount. In all three methods, there is no 

entrainment/mixing, no fallout of precipitation, and no diabatic heating/cooling. 

It is reassuring that there is excellent agreement between the method that integrates the first law of 

thermodynamics (assuming adiabatic) and the method that holds saturated entropy constant. 
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Effect of longwave cooling and precipitation on CAPE (see Problem 5 for details) 

 

Start  End  Process     Comment 

0  1  Subsaturated Ascent    See how Gd is defined 

1  2  Saturated Ascent    See how Gs and G  are defined 

2  3  2 oC of Cloud-top Diabatic Cooling  This step is isobaric 

    (2 oC of cooling is prescribed based on p. 228 - 229 in Curry and Webster) 

3  4  Saturated Descent    See how Gs and Gare defined 

4  5  Subsaturated Descent    See how Gd is defined 

5  0  Air warms diabatically   This step is isobaric 
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Entrainment/mixing (see Problem 6 for details) 
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Entrainment/mixing (see Problem 6 for details) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Consequences of Entrainment/Mixing 

 
  

As shown above, in the left-hand panel, air entrained into the top of a cloud is subsaturated and is 

negatively buoyant. This is the situation for most cumulus clouds. Once the entrained air enters the cloud it is 

cooled and moistened by evaporation. The pictures above, and the model results shown on the next page, 

demonstrate that the entrained air remains cooler and drier than the surrounding cloud. The entrained air also 

takes on properties of the surrounding cloud. This occurs because of the inward mixing of cloud air into the 

entrained air. In the model we develop (Problem 6), the rate of the mixing depends on the parameter E. 

Additionally, the entrainment/mixing process makes both the cloud liquid amount and the cloud temperature 

less than predictions of saturated adiabatic theory.  
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 Entrainment/mixing (see Problem 6 for details) 

These graphs show properties of an entrained parcel (initially subsaturated) and properties of the cloud 

horizontally adjacent to the entrained parcel. At t = 0, the parcel enters the cloud with a prescribed temperature 

deficit = 1 K (i.e., initially the parcel is 1 K colder than the cloud). This model is based on equations developed 

in lecture. The entrainment parameter is E = 1.5x10-3 s-1. Red dots are time-dependent properties of the 

entrained parcel. The black-dotted lines represent the profiles of temperature and vapor mixing ratio in the 

cloud. Zooming into the figure will help you visualize properties of the entrained parcel and properties of the 

cloud. 
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Cloud Dynamics Concepts 

 
1) Buoyancy ï An air parcelôs vertical acceleration (dUP/dt) is related to parcel density (subscript ñPò) and the 

density of the air surrounding the parcel (subscript ñAò)  

p A p

p

dU
g

dt

r r

r

-
=   .           (1)   

For some problems we write Equation 1 this way: 

p A p
p

p

dU
U g

dz

r r

r

-
= .          (2) 

A parcelôs vertical equation of motion (Equation 1) adds variables (time, vertical velocity, and vertical 

acceleration) to studies of clouds. Additionally, Equation 2 is the basis for evaluating convective available 

potential energy (CAPE) (Problem 5). 

2) Consequences of Entrainment/mixing  

 a) Evaporative Cooling ï This enhances the negative buoyancy of air entrained into a cloud. Once the 

entrained air mixes with the surrounding cloud, the cloudôs buoyancy (relative to the cloudôs mesoscale 

environment) is also decreased. 

 b) Because of evaporation, and because of the mixing that occurs between entrained air and the 

surrounding cloud, the liquid amount in the cloud is decreased relative to the prediction of saturated adiabatic 

theory. 

 c) Because of the evaporation and mixing, precipitation development in the cloud is suppressed. 

 d) In cold clouds (cloud temperature < 0 oC), entrained air can carry ice crystals from cloud top 

downward toward cloud base. This transport of crystals can establish a precipitation process involving ice-phase 

hydrometeors and may negate the precipitation suppression described in ñcò. 
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Cloud Microphysics and Visible Light Scattering within Clouds (see Problem 7 for details) 

 

The first thing is to define n(r) the cloud droplet size distribution function. We do this indirectly by 

defining the group n(r)dr. This represents the concentration of droplets in a narrow size interval between r and r 

+ dr. In the MKS system, the unit/dimension of n(r)dr is per cubic meter (m-3).  Hence, the unit/dimension of 

n(r) is m-3 m-1.  Next, we define several cloud microphysical properties in terms of n(r)dr; these are relevant to 

how visible light is scattered within clouds.  

 

Cloud Droplet Concentration: 

 

ñ Ö= dr)r(nN     Microphysical Definition 

Liquid Water Content: 

 

dr)r(nrɟˊ
3

4
LWC 3 ÖÖñÖÖÖ= ^   Microphysical Definition (r= 1000 kg m-3) 

Nrɟˊ
3

4
LWC 3ÖÖÖÖ= ^    Narrow Droplet Size Distribution Assumed 

Scattering Coefficient: 

 

dr)r(nrQˊɓ 2
ss ÖÖñ ÖÖ=    Scattering Theory Definition 

dr)r(nrˊ2ɓ 2
s ÖÖñÖ=    / 1r l>>  (this assumption is discussed in lecture) 

Nrˊ2ɓ 2
s ÖÖ=     Narrow Droplet Size Distribution Assumed 

http://glossary.ametsoc.org/wiki/Extinction_coefficient 

http://glossary.ametsoc.org/wiki/Extinction_coefficient
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Cloud Microphysics and Visible Light Scattering within Clouds (see Problem 7 for details) 

 

Definition of Optical Thickness; note that 0t=  corresponds to cloud top: 

 

 

 

 

 

 

 

 

 

 

Definition of Optical Depth; note that
*t t=  corresponds to cloud base: 

 

 

 

 

 

 

 

 

 

zct

s
z zcb
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 Cloud Microphysics and Visible Light Scattering Within Clouds (see Problem 7 for details) 

 

Here are differential equations describing visible light intensity within a cloud. Commonly, these are 

referred to as equations of radiative transfer. It is assumed that the droplets interact with light only by scattering 

(no absorption), that the droplets are large relative to the wavelength of the radiant energy (/ 1r l>>), and that 

the two-stream scattering approximation is valid.  

( )up dnd I I
0

dŰ

-
=            (1) 

( )
( )( )

up dn

up dn

d I I
2 1 g I I

dŰ

+
= Ö - Ö -.         (2) 

There are two boundary conditions. The first boundary condition says this:  

( )
( )

o
up dn *

*

I
I I Ű Ű

1 1 g Ű
è ø+ = =ê ú + - Ö

      Boundary Condition #1 

Boundary condition #1 says that the sum of the upward and downward intensities, evaluated at cloud base (

*t t= ), is the solar intensity at cloud top divided by ( ) *1 1 g Űè ø+ - Öê ú.  

The second boundary condition says this:  

( )
( )

o
up dn *

*

I
I I Ű Ű

1 1 g Ű

-
è ø- = =ê ú + - Ö

      Boundary Condition #2 

Boundary condition #2 is an expression for the net upward intensity evaluated at cloud base (
*t t= ). An 

implicit assumption is that the Earthôs surface absorbs 100 % of the downward solar intensity (i.e., the fraction 

reflected from the surface is 0). This is an OK assumption for most marine settings. You will see development 

of boundary condition #2 in the reading from Petty. 
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Cloud Microphysics and Visible Light Scattering within Clouds (see Problem 7 for details) 

 

In the equations 1 and 2 (previous page), gis the mean cosine of the scattering angle. This is commonly 

referred to as the asymmetry parameter. 

()( ) ()ñ ÖÖñ ÖÖÖ=
ˊ2

0

ˊ

0

űdŪdŪsinŪcosp)Ūcos(
ˊ4

1
g    

http://glossary.ametsoc.org/wiki/Asymmetry_factor 

 

Below are Pettyôs analytic solutions of the radiative transfer equations. In the numerical solution 

(Problem 7), the vertical coordinate is the cloud optical thickness (i.e.,t) and *t is the cloud optical depth. 

Graphical definitions ofŰand *t are shown above. From Pettyôs analytic solutions for the upgoing and 

downgoing intensities, shown below, and the definitions of optical thickness and optical depth, it is easy to see 

that both the upgoing and downgoing intensities maximize at cloud top.   

( )o *
up

*

I (1 g ) Ű Ű
I ( Ű)

1 (1 g ) Ű

Ö - Ö -
=

+ - Ö
 

( )o *

dn

*

I 1 (1 g ) Ű Ű
I (Ű)

1 (1 g ) Ű

è ø+ - Ö -ê ú=
+ - Ö

 

In Problem 7, we compare these analytically-derived solutions (Petty, pp. 406-407) to numerically-

derived solutions obtained using RK4. 

http://glossary.ametsoc.org/wiki/Asymmetry_factor
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Cloud Microphysics and Visible Light  Scattering within  Clouds : Summary of the Equations 

 

1) Here is our formulation of the optical depth from lecture: 

 

( )
2/3

5/3

*

3 3
2

4 5

wc
ct cbN z z

N
t p

pr

å õG å õ
= Ö Ö Ö -æ öæ ö

ç ÷ç ÷
   Optical Depth   {dimensionless  

 

2) Here are the formulations of the vertical profiles of the cloud microphysical properties:  

 

These equations are only valid for : 

 

     Liquid Water Content  {kg m-3 

 

     Droplet Radius   {m 

 

( ) ( )
2/3

5/3 5/33 3
2

4 5

wc
ct cb cbN z z z z

N
t p

pr

å õG å õè ø= Ö Ö Ö - - -æ öæ öê úç ÷ç ÷
  Optical Thickness  {dimensionless 

 

  

ctcb zzz ¢¢

( )cblwc zzũLWC -Ö=

( )
3/1

cblwc

Nɟˊ4

zzũ3
r ö

ö
÷

õ
æ
æ
ç

å

ÖÖ

-ÖÖ
=

^
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Cloud Microphysics and Visible Light Scattering within  Clouds : Summary of the Concept 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In this graph there are two cloud scenarios. The scenarios are the same thermodynamically, but they 

differ microphysically. The distinction is that one cloud has fewer droplets (N=50 cm-3) compared to the other 

(N=250 cm-3). The cloud with larger N has smaller droplets, larger optical thickness, larger upgoing intensity 

at cloud top, and is thus more reflective (larger albedo). 
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Here is the user-built derivative function applied in Problem 7: 

;  
;  
function  derivative , y, x  
dIminus_dtao = 0d     
dIplus_dtao  = 2*( 1- !g_scat )*x[ 0]  
return , [dIminus_dtao, dIplus_dtao]  
end 

Here is the call to RK4 in Problem 7: 

 ;  
result = RK4([Iup_minus_Idn, Iup_plus_Idn], $  
  derivative (tau, [Iup_minus_Idn, Iup_plus_Idn]), $  
  tau, dtau, 'derivative' , /double)  
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Thermodynamics and Time-dependency in Atmospheric Science 

 

We applied a thermodynamic state function - saturated entropy ï in descriptions of state-to-state 

transformations. We also did this using the first law of thermodynamics. Consistent with classical 

thermodynamic theory, time is not a variable in these calculations. ATSC5011 also investigates time-dependent 

cloud energetic processes and time-dependent cloud microphysical processes.  

State-to-state property changes during a saturated adiabatic ascent are good examples of the 

thermodynamic point-of-view. Saturated entropy constancy and parcel mass constancy were the constraints we 

applied when calculating a cloudy parcelôs state through a saturated ascent (Problems 3 and 4). Stated 

differently, these ascents were modelled with three assumptions: 1) The air parcel is closed to mass exchange 

with its surroundings, 2) there is no transport of sensible energy across the parcelôs boundary, and 3) the parcelôs 

relative humidity is constant (RH = 100 %). We also said that care is needed when describing precipitation 

using a parameter called the precipitation efficiency. This was done in Problems 3 and 5. Two interesting results 

came from this. In the case of flow over a mountain (Problem 3), we saw that precipitation led to larger 

temperature on the leeward side of a mountain barrier; in the case of clouds that form at the top of a marine 

boundary layer, we saw that precipitation diminished CAPE (Problem 5).  

In the atmosphere, buoyancy is the force that either drives or inhibits vertical motion. We saw how 

consideration of buoyancy introduces time as a variable (Problem 6). That dependency is evident in an air 

parcelôs vertical equation of motion. We also discussed why saturated adiabatic theory overestimates both liquid 

amount and temperature inside clouds affected by entrainment/mixing. In one of our models, a subsaturated air 

element entered the top of a cloud and time-dependent equations were used to investigate entrainment/mixing 

(Problem 6). We now analyze time dependence in the following topics: 1) nucleation, 2) activation of aerosol to 

cloud droplets, 3) growth of ice crystals, and 4) precipitation. 
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Nucleation 

 

Water Clusters ï The Dimer 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Water Clusters ï Some Octamers 
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Cluster Energy versus Droplet Size Predicted by Homogenous Condensation Nucleation Theory 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The left graph shows cluster energy curves (defined in lecture), plotted versus the number of molecules 

contained in the cluster. The parameter is a saturation (S). The right graph shows cluster energy versus cluster 

radius for the same three saturations.  Note that the X axis is in nanometer (1 nanometer = 0.001 micrometer) 

and that the ñsizeò of a water molecule is ~ 0.1 nanometer. 

 

Summarizing:   

 

1) Large saturation (S) implies small critical radius and small cluster energy maximum 

 

2) Small saturation (S) implies large critical radius and large cluster energy maximum 
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Homogeneous Condensation Nucleation Theory 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

These graphs of droplet nucleation rate (J) versus saturation (S) help to explain why homogeneous condensation nucleation theory produces 

an incorrect description of the appearance of droplets in atmospheric clouds. The theory predicts that droplets appear at S ~ 3.7. A different 

approach, commonly referred to as aerosol-to-droplet activation, is considered in Problem 9. For air elements moving upward, a few tens of meters 

above an LCL, that approach indicates that the peak S is no larger than 1.01. Moreover, the aerosol-to-droplet activation models (there are many 

versions of these) do a reasonable job of predicting a concentration of cloud droplets which is reasonably consistent with an in-cloud measurement.
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Kelvin Equation and the Kelvin Saturation 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Shown here is the Kelvin saturation (
KelvinS ). The colored squares correspond to values of radius 

evaluated at the maxima of the cluster energy curves seen two slides back. Note that the X axis is in nanometer 

(1 nanometer = 0.001 micrometer) and that the ñsizeò of a water molecule is ~ 0.1 nanometer. The size-

dependence of the Kelvin saturation is represented by the Kelvin equation: 

2 1
expr

Kelvin

s v

e
S

e R T r

s

r

å õ
¹ = Öæ ö

Ö Öç ÷
 

 

Furthermore, the group ( )2 / vR Ts rÖ Ö can be assumed constant, so we write the Kelvin equation as 

 

expKelvin

a
S

r

å õ
= æ ö

ç ÷
  

 

where ñaò is 1.1x10-9 m and ñrò has dimension of meter. 
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Solute Effect ïIn this graph, solute concentration is larger along line 4, compared to line 3, and larger 

along line 5 compared to line 4. For reference, vapor pressure at the surface of pure water is indicated by 

line 1.  In other words, 1 indicates the saturation vapor line discussed previously. At any fixed 

temperature greater than 273.15 K, the vapor pressure at the surface of a solution decreases with 

increased solute concentration. 
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Haze droplets (Twomey, 1977)
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Derivation of the Kºhler Equation ï Page 1 

Consider a solution containing water and dissolved salt. At this point, we are considering a bulk 

solution, i.e., something you create by dissolving salt in water. By definition, a solution has two components. 

We will use a subscript (ñ1ò) to indicate the solvent component (water) and a subscript (ñ2ò) to indicate the salt 

component. 

Water activity ( 1a ) is defined as the ratio of the vapor pressure at the surface of a solution divided by the 

vapor pressure at the surface of pure water (i.e., '

1 /s sa e e= ).  According to Raoultôs Law, water activity can be 

expressed in terms of a vant Hoff factor (i , dimensionless) and in terms of the molar amounts of water and salt (

1n and 2n ) in solution 

21

1
1

nin

n
a

Ö+
= .          (1) 

Equation (1) arranges to Equation (2) 

1

2
1

1

1

n

n
i

a

Ö+

= .          (2) 

Now consider an aerosol particle that is spherical and composed of sodium chloride. If the particle is exposed to 

water vapor at RH > 80 % the sodium chloride particle deliquesces and becomes a haze droplet. Once 

deliquescence is complete (generally, this only takes a few seconds) we can say that all the salt is dissolved and 

that both the water and salt contribute to the volume of the haze droplet. An approximation is to say that the two 

components contribute to the volume of the solution separately. Then, the mole amount of water within the haze 

droplet is 

( )3 3

1

1

4

3
dn r r

M

rp
= Ö Ö -.         (3) 

Here dr  is the radius of the dry salt particle, 
1M  is molecular weight of water, and r  is the radius of the haze 

droplet. The molar amount of salt in the haze droplet is 

3

2

2
2

3

4
d

r
M

n ÖÖ=
rp .          (4) 

Combining (2), (3) and (4), the water activity can be described in terms of the vant Hoff factor, the two radii (r 

and rd), and pure-component properties. 

1 3

2 1

3 3

2

1

1
( )

d

d

a
rM

i
M r r

r

r

=

+ Ö Ö
-

         (5) 

Assuming the second term in the denominator of Equation 5 is small relative one, and making a Taylor series 

expansion, Equation (5) becomes Equation (6) 
3

2 1
1 3 3

2

1
( )

d

d

rM
a i

M r r

r

r
= - Ö Ö

-
.         (6) 

Saturation over the surface of a haze droplet can be approximated as the product of water activity and 

the Kelvin effect. In this representation we assume that the vapor-liquid surface energy (s) is not altered by the 

presence of salt. With these assumptions, KohlerS  becomes 
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Derivation of the Köhler Equation ï Page 2 

 

 

( )

3

2 1

3 3
2

2
1 expd

Kohler

vd

rM
S i

M R T rr r

r s

r r

å õ å õ
æ ö= - Ö Ö æ ö
æ ö Ö Ö Ö- ç ÷ç ÷

.       (7) 

 

For most meteorological applications, the Kelvin term is linearized. In that limit the Köhler saturation is 

( )

3

2 1

3 3
2

2
1 1d

Kohler

vd

rM
S i

M R T rr r

r s

r r

å õå õ
æ ö= - Ö Ö Ö +æ ö
æ ö Ö Ö Ö- ç ÷ç ÷

.      (8) 

After multiplying out the two terms on the right side of Equation (8), and examining the result, we see that one 

of the four terms is small in comparison to the other three. Neglecting that smallest term, the right side of 

Equation (8) becomes 

( )

3

2 1

3 3
2

2
1 d

Kohler

vd

rM
S i

M R T rr r

r s

r r
= - Ö Ö +

Ö Ö Ö-
.      (9) 

Also, in Equation 9, if we neglect 3
d

r  relative to the 3r , we get Equation 10. 

 

3

2 1

3

2

2
1 d

Kohler

v

rM
S i

R T r M r

rs

r r
= + - Ö Ö

Ö Ö Ö
       (10) 

Going further, we define 2 / ( )va R Ts r= Ö Ö (from our discussion of the Kelvin equation) and we define
3

2 1 2/ ( )db i M r Mr r= Ö Ö  and note that ñbò is proportional to the amount of salt associated with the aerosol 

particle, that the salt amount can be expressed either as a mass ( 3

2 24 / 3dm rr p= ) or as a mole amount (
3

2 2 24 / (3 )dn r Mr p= ), and that in either case the salt amount is proportional to the volume of the dry particle. 
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Derivation of the Köhler Equation ï Page 3 

 

Equation 10 is the Köhler equation, but in meteorology it is presented this way:  

3
1.Kohler

a b
S

r r
= + -          (11) 

We note that there are three terms on the rhs of the Köhler equation (Equation 11). The second term is the 

curvature term. This represents the Kelvin effect, i.e., the enhancement of saturation due to curvature of an 

interface. The third is the solute term. This decreases the saturation for the same reason that the presence of 

solute lowers the vapor pressure at the surface of a flat solution. This vapor-pressure lowering was graphed 

several pages back. In the next section, we will use the Kºhler equation to describe the saturation on the surface 

of a haze droplet and on the saturation on the surface of a cloud droplet.  

 



ATSC5011. Revision 2024b Page 39 

 

Kºhler curves for an dr = 0.06 ɛm sodium chloride particle (see Problem 8) ï  

 

Consistent with the discussion on the previous pages, an aerosol particleôs dry radius is symbolized dr , 

radius at the Kºhler maximum (maxS ) is maxr , and radius at any point on a Kºhler curve is r. The Kºhler 

curve in the left panel was generated by applying molecular mass (
2M ), solid density (

2r), and a vant 

Hoff factor (i) for sodium chloride. Plotted in the right-hand panel is the hygroscopic growth factor for 

the same dr = 0.06 ɛm sodium chloride particle. 

 

 

 

 

 

 

 

 

 

 

 

Here is the Kºhler mathematics: 

31. / /KohlerS a r b r= + - ,  

where, 

)/(2 TRa vÖÖÖ= r̂s   

and 3

2 1 2/ ( )db i M r Mr r= Ö Ö Ö Ö. 

The maxima are related to the Köhler parameters as 

max 3 /r b a=   

and 3

max 1 4 / (27 )S a b= + Ö. 
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The Köhler equation, haze droplets, cloud droplets, and aerosol-to-droplet activation 

 

Computer-based models of aerosol-to-droplet activation must distinguish between a deliquesced aerosol 

particle (aka, a haze droplet) and a cloud droplet. This is done by making a comparison between the ambient 

saturation (S ) and a maximum Köhler saturation ( maxS ). The latter corresponds to a dr and its associated Köhler 

curve.  

 

Here is how a haze droplet and a cloud droplet are distinguished: 

 

maxS S<  

Haze droplet 

ñUnactivatedò             

      

 

maxS S>  

Cloud Droplet  

ñActivatedò 

 

 

In an upcoming lecture, we will see that the ambient saturation (S ), assuming ascent, increases with 

increasing time. The equation has S  increasing to a peak value larger than S  = 1. That value is achieved after 

a few tens of meters of ascent above an LCL. Subsequently, S  relaxes to a steady-state value (smaller than the 

peak S , but greater than 1). Relaxation to a steady-state S  occurs with ascent to ~ 100 meters above an LCL. 
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The Kºhler equation, haze droplets, cloud droplets, and aerosol-to-droplet activation 

Aerosol scientists use the Kºhler equation to predict haze droplet size in settings where water vapor is 

subsaturated (S< 1). We saw pictures of haze droplets in subsaturated air (from Twomeyôs book), and we now 

know that haze droplet size is determined by the ambient saturation (S), dry particle radius (dr ), and the 

chemical composition of the dry particle.  

Another application of the Köhler equation is in computer models of aerosol-to-droplet activation. In 

this problem, the ambient saturation exceeds one ( S > 1) and is compared to a maximum Köhler saturation (

maxS ). We now know that knowledge of dr , aerosol composition (we assume NaCl in ATSC5011), and the 

Köhler equation, are sufficient for specifying maxS . The example shown below has two different aerosol 

particles (dr =0.02 ɛm and dr =0.04 ɛm) and has S  = 1.003 (blue horizontal lines). Assuming S  has increased 

monotonically to S= 1.003, the size of the droplet in the left panel is constrained at the intersection of the blue 

line and the left branch of the Köhler curve. In contrast, the size of the droplet in the right panel depends on the 

duration of its exposure to S  > maxS . An equation describing the time-dependent growth of any activated cloud 

droplet is developed the next section.  

 

maxS S<       maxS S>  

Haze Droplet      Cloud Droplet  

ñUnactivatedò      ñActivatedò 
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Energy Transport to and from a Cloud Droplet 

 

In lecture we considered a cloud droplet in air with assumed values of temperature and humidity 

different from the temperature and humidity at the dropletôs surface. With those boundary conditions, we solved 

the diffusion equation and obtained formulae for temperature and humidity as functions of distance from the 

droplet. We also derived formulae for the transport of sensible energy and the transport of vapor mass. Results 

are summarized in the following two equations: 

Rate of sensible energy transport outward from a cloud droplet: 

4 ( )out rQ rK T Tp= Ö -           (1) 

Rate of vapor mass transport inward to a cloud droplet:  

,4 ( ( ))in v v s rm rD Tp r r= Ö -           (2) 

 

In Equation 1, the ambient temperature is symbolized T and the dropletôs temperature is symbolized rT .  

In Equation 2, vr is the ambient vapor density and ( ),v s rTr  is the vapor density at the droplet surface. For a 

growing droplet, vr > ( ),v s rTr and this indicates that vapor is transporting inward to the dropletôs surface. 

Intuitively we know that vapor reaching the droplet surface condenses and that the result is a rT  larger than T.   

Based on what was discussed in the previous two paragraphs we conclude the following: In a situation 

with vapor transporting inward to a droplet, and with sensible energy transporting outward from a droplet, we 

can imagine a steady-state energy budget in which the rate of sensible energy transport and the rate energy flow 

associated with mass transport are balanced. 
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Time to Establish a Dropletôs Steady-state Energy Budget 

 

Starting with the sensible energy and mass transport equations on the previous page, here is a prognostic 

equation for a dropletôs temperature. We note that this relationship is the dropletôs first law of thermodynamics 

in rate form. 

( ) ( ),2 2

3 ( ) 3
( )v rr

v v s r r

L T DdT K
T T T

dt c r c r
r r

r r

Ö Ö Ö
= Ö - - Ö -

Ö Ö Ö Ö
      (3) 

Coupled with Equation 3 is a prognostic equation describing how droplet radius varies with time. The latter is 

easily derived from the mass transport equation (Equation 2 on the previous page).  

( ),

1 1
( )v v s r

dr
D T

dt r
r r

r
= Ö Ö Ö -          (4)   

In the graph shown on the next page, we assume the temperature (T = 10 oC) and the ambient saturation 

(S = (),/v v s Tr r  = 1.01) are constants. Further, we initialize the dropletôs temperature at rT  =  T  = 10 oC and 

use RK4 to compute dropletôs temperature as it relaxes to its kinetic wet bulb temperature (wbT ). The figure 

shows that the duration of time required for this is approximately 0.01 s. Because of the rapid relaxation of rT   

to wbT , we will assume that a dropletôs temperature is continually at the kinetic wet bulb temperature. In lecture 

and in homework, the Equation 5, which is the steady-state version of Equation 3, is applied with the IDL-built 

function called NEWTON and a kinetic wet bulb temperature is evaluated.  

,0 ( ) ( ) ( ( ))r v r v v s rK T T L T D Tr r=- Ö - + Ö - .       (5) 
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Time to Establish a Dropletôs Steady-state Energy Budget 
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Derivation of the Maxwell-Mason Equation 

 

In what follows the sensible energy and mass transport equations presented in the previous section are 

manipulated to arrive at the Maxwell-Mason equation. Hereafter, the equation is abbreviated MM equation.  

In this derivation the humidity boundary conditions, vr and ,v rr , are changed to Sand rS . This 

change of variable, from vapor density to saturation, makes it easier to account for the saturation at the dropletôs 

surface in the vapor mass transport equation.  

The derivation starts with a dropletôs first law of thermodynamics assuming an energetic steady state 1 

,0 ( ) ( )r v v v rK T T L D r r=- Ö - + Ö -.        (6a) 

Rearranging Equation 6a, we have 

,( ) ( ) 0v
r v v r

L D
T T

K
r r- + Ö - =         (6b) 

Starting with Equation 6b, we define the ambient saturation 

)T(ɟ

ɟ
S

s,v

v=  .           (7) 

By combining (6b) and (7), and via a formulation of the saturation at the dropletôs surface (i.e., 

, ,/ ( )r v r v s rS Tr r= ) , we have 

 

, ,
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( ) 0.
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v v s v s r
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v s

D L T T
T T S S
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r r
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ç ÷
      (8) 

 

  

 
1 9ǉƴΦ сŀ ƛǎ ǘƘŜ ŘǊƻǇƭŜǘΩǎ first law of thermodynamics assuming steady state. As such, the droplet temperature can be represented 
with Twb (the kinetic wet bulb temperature) or with Tr. 
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Derivation of the Maxwell-Mason Equation (continued) 

 

The MM equation derivation requires a Taylor series simplification of the Clausius-Clapeyron equation.  

What follows is that simplification: 
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Combining Equations 9 and 8, we have 
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Derivation of the Maxwell-Mason Equation (continued) 

 

Rearranging Equation 10, and simplifying one of the terms with , ,( ) ( )v s r v sT S Tr rÖ º , we get an 

expression for the difference between the temperature of a droplet and the ambient temperature: 

 

,

2
,

2

( ) ( )
( )

( )
1

v v s r
r

v v s

v

DL T S S
T T

L D T
K
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r

r

Ö -
- =

å õ
æ öÖ +
æ ö
ç ÷

         (11)   

 

 

Combining (11) and (2), and rearranging, we obtain the MM equation (Equation 12) 

 

2

2
,

4 ( )

1

( )

r

v

v sv

r S Sdm

dt L

D TKR T

p

r

Ö -
=
å õ
æ ö+
æ öÖ
ç ÷

.         (12) 

 

By way of this derivation, the droplet growth rate is expressed in terms of two saturations. One of these 

is the saturation at the dropletôs surface. We know how to formulate this using the Kºhler equation. 

Additionally, in Equation 12, we see no dependence on the dropletôs temperature (Tr ). 
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Derivation of the Maxwell-Mason Equation (continued) 

 

The final step requires an acknowledgement that a cloud dropletôs volume is 34

3
rp and its mass is 

34

3
rp r. Acknowledging that the droplet size is time dependent (i.e., within air with S> rS the droplet size 

increases with time), and differentiating, we arrive at Equation 13. 

          (13) 

 

Combining (12) and (13) we obtain a more common form of the MM equation  
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1
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With the definition 

 

()

2
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,

1

1v

v v s

G
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, 

 

 

a compact form of the MM equation is  

 

1 1
( )r

dr
G S S

dt r r
= Ö Ö Ö -.          (15) 

 

In Equations 14 and 15, the Köhler saturation is 

3
1.r Kohler

a b
S S

r r
¹ = + -. 
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Summary of the Maxwell-Mason Equation 

 

According to the MM equation (Equations 14 or 15), the droplet growth rate (dr/dt) depends on: 

1) Droplet radius (r) (Note: Everything else the same, a smaller droplet grows faster than a larger droplet); 

2) Air pressure (Note: that vapor diffusivity (D) is an implicit function of pressure, and curiously, the diffusivity 

increases with decreasing pressure); 

3) Air  temperature (T ). (Note: This dependence is seen explicitly in Equation 14. Also, the properties K , D , 

and Lv are implicit functions of temperature); 

4) Ambient saturation (S). This is the saturation away from the droplet surface. 

5) Saturation at the dropletôs surface (Sr). This is formulated using the Köhler equation. 

 

In models that describe cloud droplet growth, the ambient saturation (S) is calculated using the equation 

we develop next. We will refer to that equation as the S-prognostic equation. The combination of the MM 

equation and the S-prognostic equation will be referred to as the Condensation Physics Model. In Problem 9, we 

integrate the model using IDLôs RK4 and we will examine how the prognostic variables (droplet size, ambient 

saturation, etc.) vary with time. 
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The S-prognostic Equation ï Take 1 

 

This section develops a prognostic equations for properties of air away from a droplet surface. The key 

finding is a prognostic equation for the ambient saturation (S). We refer to the equation as the S-prognostic 

equation or as the S-prognostic. Before starting, we ask how humidity varies during the ascent of subsaturated 

air. According to thermodynamics, saturation increases (dS/dz > 0) and vapor mixing ratio is constant (dw/dz = 

0). Also, the inequality dS/dz > 0 switches to constant saturation (S = 1) at the LCL. Upon completion of this 

section, we will see that, above the LCL, the S increases beyond S = 1. This result is not anticipated by classical 

thermodynamics. 

Derivation of the S-prognostic starts with an approximate definition of vapor mixing ratio (w) and with a 

definition of S. These two elements (i.e., Equation 1a and 1b) are combined in Equation 1c: 

           (1a) 

            (1b) 

            (1c) 
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The S-prognostic Equation ï Take 1 (continued) 

 

By taking the time-derivative of Equation 1c, and applying the chain rule, the time-derivative of S can 

be related to ,  and  

.        (2) 

Our objective is to formulate  as a function of both vertical velocity () and the time derivative 

of vapor mixing ratio (). We begin by acknowledging the temperature-dependence of .  This comes 

from the differential form of the Clausius-Clapeyron equation (i.e., 
2TR
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Next, we manipulate a differential form of the hydrostatic equation, and develop a relationship between 

 and . The result is shown in Equation 4d. 

            (4a) 

           (4b) 

          (4c) 

.        (4d) 
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The S-prognostic Equation ï Take 1 (continued) 

 

The gas law for the air-vapor mixture is incorporated into Equation 4b. We note that , the specific 

gas constant for the mixture, depends on w.  Approximating  as , we obtain Equation 4e 

 .           (4e) 

Equations 2, 3, and 4e are not sufficient for our objective of describing  as a function of  and 

. The final ingredient comes from consideration of the first law of thermodynamics. We start with an 

extensive differential form of the first law.  This is written for an air parcel whose volume ï an extensive 

property - is symbolized ñV ò 

dH Q VdPd= + .           (5a) 

The process we are envisioning is adiabatic ( 0Qd = ). Further, we acknowledge that on the lhs of Equation 5a 

the enthalpy differential has both sensible-energetic and phase-change-energetic terms (e.g., see, Iribarne and 

Godson (1981), their Equations 99 and 100). 

( )pd d pv v v vC m C m C m dT L dm V dpÖ + Ö + Ö Ö + Ö = Ö       (5b) 
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The S-prognostic Equation ï Take 1 (continued) 

 

In Equation 5b, the ôs are the masses of the three components (dry air, vapor, and liquid). If we divide 

Equation 5b by , and on the lhs we ignore terms with  and , the approximate result is 

Equation 5c.   

dpvdwLdTc vpd Ö@Ö+Ö .          (5c) 

On the rhs of Equation 5c,  is specific volume (the ratio of the volume and mass), and we note that the 

reciprocal of  is density.  

In the following step, we change Equation 5c by making the differentials into time-derivatives 

dt

dp
v

dt

dw
L

dt

dT
c vpd Ö=Ö+Ö .          (5d) 

We also use algebra to solve for the temperature-time derivative, and substitute Equation 4c for dp/dt. At this 

point we acknowledge that the volume-to-mass ratio (aka, specific volume, v) is the reciprocal of density (r). 

We end with a relationship between the temperature-time derivative, U, and dw/dt 

v

pd pd

LdT g dw
U

dt c c dt
=- - .          (5e) 

 

m
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v
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The S-prognostic Equation ï Take 1 (continued) 

 

Now we can express  in terms of  and . To do that we put Equations 3, 4e and 5e into 

Equation 2 
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With algebra we get Equation 6  
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There are several applications of Equation 6. In all cases, the assumptions are 1) the air element (i.e., the 

droplets plus the air that surrounds the droplets) is closed to mass exchange with its surroundings, and 2) there 

is no transport of sensible energy (aka, heat) into or out of the air element.  

  

dt/dS U dt/dw
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The S-prognostic Equation ï Take 1 (continued) 

In the case of subsaturated air (0 <1S< ), which is ascending (U > 0), Eqn. 6 says that Sincreases with 

increasing time ( /dS dt> 0). Ascent that occurs below an LCL is an example of this. A second application is the 

ascent of air devoid of water vapor (0S= ). A mechanical analog of this involves the expansion of dry air 

though a turbine. An example of the this can be investigated at this link: 

https://www.grimsby.ac.uk/documents/frperc/research/aircycle_research.pdf 

Another application of Eqn. 6 is this: For air that is saturated (S=1), or supersaturated (>S 1), we can 

set . This implies that the air element is closed (i.e., is constant). In either of these cases 

(i.e., S= 1 or >S  1) we can substitute S= 1 on the rhs of Equation 6. This substitution is valid because an 

upper-limit S is approximately 1.02, and a lower limit is where aerosol-to-droplet calculations are initialized 

(in Problem 9 we initialize with S= 0.99). For either of these cases (i.e., S slightly larger than 1, or S slightly 

less than 1), and all saturations in between, the S-prognostic is: 
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.éS-source Termééé .ééS-sink Termééééé. 

  

dtdwdtdw // ^-= totw

https://www.grimsby.ac.uk/documents/frperc/research/aircycle_research.pdf
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The S-prognostic Equation ï Take 2 

 

We now present a somewhat different form of the S-prognostic equation. This is obtained by combining 

Equations 2, 3 and 4e with  conservation and with the approximation that, in Equation 2, S = 1 

2

1 v

d v

LdwdS g dT
U

dt R T w dt R T dt
=- - - .         (8) 

The model now under development also has a prognostic equation for the air elementôs temperature. 

This is obtained by combining Equation 5e with  conservation 

v

pd pd

L dwdT g
U

dt c c dt
=- + .          (9) 

In addition to the prognostic for temperature (Equation 9), we also have prognostics for altitude, pressure (Eqn. 

4e), liquid water, and droplet size. The last two of these depend on whether droplets are unactivated (haze 

droplets) or activated (cloud droplets). The user-defined derivative functions, for both haze droplets 

(unactivated) and cloud droplets (activated), and model output, are shown on the following three pages.  

 

Summary 

 

Prognostic variables in the Condensation Physics Model are saturation (S), temperature (T), pressure (P), 

and altitude (z). These are properties of the air surrounding the droplets. Additionally, the model has two cloud 

microphysical variables. These are liquid water mixing ratio (w ) and droplet size (r).  

  

totw

totw
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Condensation Physics Model (see Problem 9 for details) 

      Eqn. 0 - Prognostic for z 

 

U
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dt

dp
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Ö
Ö-=      Eqn. 1 - Prognostic for p 
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1 1
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= Ö Ö Ö -    Eqn. 2 - Prognostic for the size of activated cloud droplets 
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pr a= Ö Ö Ö    Eqn. 3 - Prognostic for liquid water mixing ratio 
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The condensation physics variable map (see Problem 9 for details) 
in

d
e
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Derivative functions (there are two) 

function  derivative_cloud_droplet , t, x  

G         = 1 / ( lv (x[ 4])^ 2 / ( !Kcon * !Rv *x[ 4]^ 2) + 1/( !Diff * rho_v_s_l (x[ 4])))  

w         = !wtot  -  x[ 3]  

dz_dt     = !U  

dp_dt     = - !g *(x[ 1]/( !Rd *x[ 4]))* !U  

dr_dt     = ( 1/x[ 2])*( 1/!rhol)*G*(x[ 5] -  1d  -  !kohler_a /x[ 2] + !kohler_b /x[ 2]^ 3)  

dwl_dt    = 4* !pi * !rhol * !alpha *x[ 2]^ 2*dr_dt  

dT_dt     = - ( !g /!Cpd)* !U  + ( lv (x[ 4])/!Cpd)*dwl_dt  

dS_dt     = - !g * !U /( !Rd *x[ 4]) -  ( 1. /w)*dwl_dt -  ( lv (x[ 4])/( !Rv *x[ 4]^ 2))*dT_dt  

return , [dz_dt,           $  

         dp_dt,           $  

         dr_dt,           $  

         dwl_dt,          $  

         dT_dt,           $  

         dS_dt]  

end  

function  derivative_haze_droplet , t, x  

G         = 1 / ( lv (x[ 4])^ 2 / ( !Kcon * !Rv *x[ 4]^ 2) + 1/( !Diff * rho_v_s_l (x[ 4])))  

w         = !wtot  -  x[ 3]  

dS_dr     = - !kohler_a /x[ 2]^ 2 + 3. * !kohler_b /x[ 2]^ 4 ; "slope" of Skohler - versus - radius 

relationship  

dz_dt     = !U  

dp_dt     = - !g *(x[ 1]/( !Rd *x[ 4]))* !U  

dwl_dt    = 0d  

dT_dt     = - ( !g /!Cpd)* !U  + ( lv (x[ 4])/!Cpd)*dwl_dt  

dS_dt     = - !g * !U /( !Rd *x[ 4]) -  ( 1. /w)*dwl_dt -  ( lv (x[ 4])/( !Rv *x[ 4]^ 2))*dT_dt  

return , [dz_dt,           $  

         dp_dt,           $  

         ( 1/dS_dr)*dS_dt, $  

         dwl_dt,          $  

         dT_dt,           $  

         dS_dt]  

end  
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Condensation Physics Model (see Problem 9 for details) 
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Going Beyond the Condensation Physics Model 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Model output for air containing a dispersion of aerosol sizes and experiencing closed and adiabatic 

ascent. Three differences are apparent compared to the Condensation Physics Model presented on the previous 

pages. 1) A set of aerosol classes ï each ñtaggedò with a dry particle size and a spectral density - experience 

activation to droplets. The Condensation Physics Model has only one class of particles (dr  and Ŭ are the 

parameters). 2) Increased updraft speed (w = 0.4 and w = 4.0 m s-1) increases the extent to which particle 

classes corresponding to smaller aerosol size are activated to cloud droplets. 3) The cloud droplet mode size (7 

and 5 ɛm in the bottom-left and bottom-right panels) is a function of updraft speed. The droplet size 

distributions presented in the bottom two panels were evaluated at altitude = 2650 m.    
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What is happening here? 
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Ice crystals falling from a cloud containing (mostly) supercooled droplets. A ñstreakò of falling crystals is 

seen above and between the two middle houses. Picture taken in Laramie, WY, USA. 
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Ice crystals nucleated on a surface. These grew to visible size by vapor diffusion. In the Automated 

Surface Observing Systems (ASOS) data, at the bottom of the page, the relative humidity is 100% (S=1), 
and the temperature and dew point temperature are the same (-6 oC). For these conditions the saturation 

with respect to ice is iS= 1.06. Pictures taken in Laramie, WY, USA. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

pro  frost  

phycon  

;picture taken 20200313 9 AM, 15 UTC; northeast Laramie region  

;Observations for LARAMIE GEN. BREES, WY (LAR) ASOS 

;LAR  13/0853 1012.7 1014.6  - 6  - 6  100  150   9  13 15028  6.4  OVC003   FG  

print , 1.00 * es ( - 6+!Tko )/ ei ( - 6+!Tko ), format = '(f10.2 )'  

end  

 

     1.06   
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Bergeron, 1935 

 

https://en.wikipedia.org/wiki/Tor_Bergeron 

 

Tor Bergeron made observations of clouds in coastal Scandinavia. His observations lead to an important 

discovery about crystals evolving to precipitation inside supercooled clouds. These drawings are from 

Bergeronôs paper. To the right are descriptions of two saturations. These are prognostic variables in many 

cloud and precipitation models. 

 

 
The saturation inside a warm 

cloud (T > 0 oC). This 

saturation is the ratio of 

actual vapor pressure and 

saturation vapor pressure 

on a surface of liquid water. 

This saturation is applied in 

modelling of the growth of 

the cloud droplets: 

( )s

e
S

e T
=  

             

 
The saturation inside a cold 

(supercooled) cloud (T < 0 
oC). This saturation is the 

ratio 

of actual vapor pressure and 

saturation vapor pressure on a 

surface of ice. This saturation 

is applied in modelling of the 

growth of ice crystals: 
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i i

e Te
S

e T e T
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https://en.wikipedia.org/wiki/Tor_Bergeron
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Here is the graphic you created in Problem 1. It demonstrates the following: Vapor on the surface of liquid at temperature < 0 oC has a vapor 

pressure larger than that on a surface of ice at the same temperature. This is shown in the left panel. Hence, /s ie e exceeds unity at any 

temperature < 0 oC. Also, /s ie eincreases with decreasing temperature. This is shown in the right panel. 
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Bergeron process equations (see Problem 10 for details) 

       Eqn. 0 - Prognostic for z 
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Ö-=       Eqn. 1 - Prognostic for p 
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= Ö Ö Ö -     Eqn. 2 - Prognostic for r (droplet MM equation) 
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pr a= Ö Ö Ö     Eqn. 3 - Prognostic for liquid water mixing ratio 
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= Ö Ö Ö -     Eqn. 4 - Prognostic for Ri (crystal MM equation) 
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Variable map for the Bergeron Process Model (see Problem 10 for details) 
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Bergeron process derivative function 

function  derivative_cloud_droplet_bergeron , t, x  

G         = 1 / ( lv (x[ 6])^ 2/( !Kcon * !Rv *x[ 6]^ 2) + 1/( !Diff * rho_v_s_l (x[ 6])))  

Gi        = 1 / ( ls (x[ 6])^ 2/( !Kcon * !Rv *x[ 6]^ 2) + 1/( !Diff * rho_v_s_i (x[ 6])))  

w         = !wtot  -  x[ 3] -  x[ 5]  

dz_dt     = !U  

dp_dt     = - !g *(x[ 1]/( !Rd *x[ 6]))* !U  

dr_dt     = ( 1/x[ 2])*( 1/!rhol)*G*(x[ 7] -  1d  -  !kohler_a /x[ 2] + !kohler_b /x[ 2]^ 3)  

dwl_dt    = 4* !pi * !rhol * !alpha *x[ 2]^ 2*dr_dt  

dRi_dt    = ( 1/x[ 4])*( 1/!rho_ai)*Gi*(x[ 8] -  1d)  

dwi_dt    = 4* !pi * !rho_ai * !alphai *x[ 4]^ 2*dRi_dt  

dT_dt     = - ( !g /!Cpd)* !U  + ( lv (x[ 6])/!Cpd)*dwl_dt + ( ls (x[ 6])/!Cpd)*dwi_dt  

dS_dt     = - !g * !U /( !Rd *x[ 6]) -  ( 1/w)*(dwl_dt + dwi_dt) -  

( lv (x[ 6])/( !Rv *x[ 6]^ 2))*dT_dt  

dSi_dt    = ( es (x[ 6])/ ei (x[ 6]))*(dS_dt + x[ 7]*( lv (x[ 6]) -

ls (x[ 6]))*dT_dt/( !Rv *x[ 6]^ 2))  

return , [dz_dt,           $  

         dp_dt,           $  

         dr_dt,           $  

         dwl_dt,          $  

         dRi_dt,          $  

         dwi_dt,          $  

         dT_dt,           $  

         dS_dt,           $  

         dSi_dt]  

end    
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 Result from the Bergeron Process Model (Problem 10). The crystal count mixing ratio ai = 20.x103 kg-1. 
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Result from the Bergeron Process Model (Problem 10). The crystal count mixing ratio ai = 80.x103 kg-1. 
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Further Investigation of the Bergeron Process (Problem 10 and beyond) 

 

We modeled the Bergeron process with the assumption that individual ice crystals are spheres composed 

of air and ice. In lecture and in homework, we estimated the temperature of the sphere. We did this using the 

method used to calculate a cloud dropletôs temperature. A difference is that vapor amount at the sphereôs surface 

is set to the ice saturation vapor density ( , ( )v i RiTr ). The temperature in this formulation (RiT ) is the sphereôs 

temperature. Starting with the rate form of the first law of thermodynamics and applying boundary conditions, 

we modelled the sphereôs time-dependent temperature, and its kinetic ice bulb temperature (ibT ). We also 

asserted that an energetic steady state with RiT = ibT  is a reasonable approximation. A consequence, for the 

Bergeron Process Model (pp. 65 - 71), is that there is not a RiT  dependence in the formulation of the sphereôs 

MM equation or in any other of the Bergeron Process equations. Hereafter, we refer to the air/ice spheres as a 

crystals. 

In the MM equation for a crystal (p. 64 and pp. 67 - 68), we see the ambient saturation iS. This is a 

property of the air surrounding the crystals and is one of two ambient saturations tracked by the Bergeron 

Process Model. The following equations define the two saturations ( iS and S). Both are proportional to actual 

vapor pressure (e). These are also inversely proportional to the appropriate saturation vapor pressure evaluated 

at the ambient temperature. 

( )s

e
S

e T
=      

( )
i

i

e
S

e T
=     

Inside clouds containing supercooled droplets, it is commonly assumed that the droplets control the 

ambient saturation. In other words, it is assumed that S is regulated at S = 1 by the droplets, and we say that 

the ambient vapor state is at ñliquid water saturation.ò In that limit, iS simplifies to ( ) / ( )i s iS e T e T= .  The 

following table has the temperature-dependent function, /s ie e, evaluated at several temperatures colder than 0 

oC. 
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Temperature, 

T 

 es/ei 

(four significant digits), 

es/ei 

(three significant digits), 

-5. 1.050 1.05 

-10. 1.102 1.10 

-15. 1.157 1.16 

-20. 1.216 1.22 
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Further Investigation of the Bergeron Process (Problem 10 and beyond) 

 

Inside clouds containing supercooled droplets, crystals grow at a rate which is large in comparison to the 

rate of droplet growth. This can be seen by writing Maxwell-Mason equations for an ice crystal and a cloud 

droplet: 

( )
1 1

1i
i i

i ai

dR
G S

dt R r
= Ö Ö Ö - ( )

1 1
Kohler

dr
G S S

dt r r
= Ö Ö Ö - 

Assuming, r = Ri, G = Gi, T = -10 
oC, rai = 100 kg m-3 (a reasonable estimate of a crystalôs air/ice 

density), S = 1.01, and SKohler = 1, the crystalôs growth rate is 100 times larger than the dropletôs growth rate.  

Now, letôs talk about clouds colder than 0 oC but warmer than -38 oC. Observations reveal the following: 

Crystals and droplets are often observed to coexist, crystal concentrations are between 102 and 105 per cubic 

meter, and droplet concentrations are between 107 and 109 per cubic meter. It follows that cloud condensation 

nuclei (CCN) are 102 to 107 more abundant than ice nuclei (IN). The latter are also referred to as ice nucleating 

particles (INPs). This estimate of the CCN/INP ratio ignores the fact that some crystals are produced by 

mechanical processes. Ice crystals produced mechanically (e.g., by graupel colliding with and fragmenting 

slower falling dendrites) are referred to as secondary ice.  
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Further Investigation of the Bergeron Process (Problem 10 and beyond) 

 

Observational studies of clouds with bases colder than 0 oC demonstrate that supercooled droplets often 

dominate both in terms of hydrometeor count, as discussed on the previous page, and in terms of size-integrated 

hydrometeor mass. Both observations are contrary to the prediction of classical thermodynamics. Clouds which 

do not contain liquid at T < 0 oC are also observed. One plausible explanation for the absence of supercooled 

liquid is the following. Crystals formed higher up in the cloud are carried to cloud base by a down-going cloud-

scale flow. Problem 6 is a numerical investigation of this flow. If the crystal-containing air is recycled back 

upward through cloud base the crystals will act as a sink for water vapor. Depending on model settings, this can 

prevent aerosol-to-droplet activation. Problem 10 explores this topic.  

Above a cloud base colder than 0 oC, and at temperature colder than ~ -10 oC, ice nucleation is often a 

dominating process. There are two heterogeneous nucleation mechanisms: 1) freezing nucleation, and 2) 

deposition nucleation. Generally, it is the water-insoluble fraction of the atmospheric aerosol that initiates both 

freezing nucleation and deposition nucleation. Additionally, clouds that reach -38 oC form crystals via 

homogeneous freezing nucleation. It is important to note that homogeneous freezing nucleation does not require 

the presence of an ice nucleating material, rather, all that is required is that cloud droplets are present at T < -38 

oC. Support for this comes from laboratory experiments with small-volume samples of liquid cooled to 

temperatures colder than -38 oC. 
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Growth of drops by collection. From Rogers and Yau (1989) their section 8c ï Page 1 of 5 
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Growth of drops by collection. From Rogers and Yau (1989) their section 8c ï Page 2 of 5 

  



ATSC5011-Revision 2024b Page 78 

 

 

Growth of drops by collection. From Rogers and Yau (1989) their section 8c ï Page 3 of 5 
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Growth of drops by collection. From Austin et al. (1995; Journal of Atmospheric Sciences) 
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Growth of drops by collection. From Rogers and Yau (1989) their section 8c 
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Calculation of drop growth by continuous collection. The calculation tracks properties of the air 

(temperature, pressure, and cloud liquid water mixing ratio), and the size of the drop. At the end of the 

calculation, at t ~ 900 s, the drop has fallen from cloud with radius ~ 2 mm and with terminal speed (Ru ~ 

9 m s-1). Accordingly, the latter is somewhat larger than the cloud updraft speed (U = 8 m s-1). Properties 

of the air surrounding the drop are diagnosed using values of  and , a droplet count mixing ratio 

(Ŭ), and saturated adiabatic theory. This type of calculation is referred to as the Bowen Model. 
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Rimed crystals (quasi-hexagonal) and graupel (quasi-spherical). The rimed crystals have a ñdiameterò = 

5 mm and the graupel are somewhat larger. The slender brown objects are pine tree needles. Underneath 

the rimed crystals, graupel, and the pine needles is ice. Picture taken in Laramie, WY, USA. 
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Graupel particle growth by riming (see Problem 11 for details) 

 

Prognostic equation for pressure 

( )R

d

dp p
g U u

dt R T
=- Ö Ö -.      

Prognostic equation for graupel size 

1

4
R

ai

dR
LWC u

dt r
= Ö Ö.      

Here is the equation for the graupelôs terminal speed. The basis for this is in reading_week11.pdf. 

1/2

1/28

3

ai
R

a D

g
u R

C

r

r

å õ
= Öæ ö
ç ÷

 

The graupelôs ventilation coefficient ( f ) is formulated as a function of the graupelôs size and graupel terminal 

speed via a Reynolds number (Re): 

2
Re a RRur

m
=  

1/20.78 0.28 Ref = + Ö  

The graupelôs air/ice density is assumed constant 

air = 300 kg m-3. 

Graupel temperature is tracked in the model. This is done using the next equation. Graupel temperature is 

derived at each time step (using NEWTON) by applying the equation with a prognosed values of pressure and 

drop radius and diagnosed values of cloud temperature, cloud liquid water content, and drop terminal speed. 

 

( ) 2

, ,0 4 ( ( ) ( )) 4 ( )s v s v i R R f Rf L RD T T RK T T L LWC R up r r p p= Ö Ö - - Ö - + Ö Ö Ö 
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Calculation of graupel particle growth by riming. The calculation tracks properties of the air 

(temperature, pressure, and cloud liquid water mixing ratio), and the size and temperature of the 

graupel. At the end of the calculation, at t ~ 1000 s, the graupel has fallen from the cloud with a radius ~ 

10 mm and with terminal speed (Ru ~ 11 m s-1). Accordingly, the latter is somewhat larger than the 

updraft speed (U = 10 m s-1). Properties of the cloud are diagnosed using values of  and , the 

prognosed cloud pressure, and saturated adiabatic theory. The bottom panel shows that the graupelôs 

temperature is substantially larger than the temperature of the air.  
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