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1. Polytopes, convex hull




Integer dilates of polytopes: family of polytopes




2. Why do we care?

owing if there is a

ceseo e o000 0

8,000 kg
ohant and giraffes can we put on the plane? Or, how many integer solutions do we

3,000 E + 1,000 * G < 8,000
where E, G = 0 and integers!




- Geometrically:

-
giraffes

of animals of type i
eight of an animal of type i
= weight capacity of plane
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3. Counting lattice points in polytopes

a. Integer polytopes

es have all integer coordinates

he Ehrhart function:

ehrp(n) = number of lattice points in nP




unit square C = 4
C=9
sin3C = 16

= (n+1)?=n’+2n+1

Theorem:

If P is an integer polytope, then ehrp(n) is a polynomial
Inn. That is,

ehrp(n) = ant + a;_nt '+ -+ an+
for some constants ay, a4, ..., a;_1, a; € R.




b. Rational polytopes
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S fractions.
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guasi-polynomial in n. That is,
@nt 1+ -+ a;(n + ap(n)

n),a;(n),...,a;_1(n),a,(n)

say that P has period sequence (s3, 2,81, So) If the minimum period of
e coefficients az(n), a,(n),a;(n),apg(n) is s; fori = 0,1, 2, 3, where

ehrp(n) = az(n)n> + a,(M)n? + a;(M)n + ay(n)

Theorem:

In R3, s3 = 1 for any polytope P. In general, in R, s, = 1 and a,(n) = consta



4. The periods of the Ehrhart quasi-polynomials

a. Results!

sers S and t, there exists a convex polytopes P with
(1,1,s,1).

/en positive integers S, t and u, there exist a non-convex polytope H
with period sequence (1,u, s, t).




b. A polytope of period sequence (1,1, 1, t)

(0,0,1/1)




c. A polytope of period sequence (1,1, s,1) in 3 dimensions




A polytope of period sequence (1,1,s,1)




b. Combining (1,1,1,¢) with (1,1, s,1) to get a polytope with period
sequence (1,1,s,t)




d. A non convex polytope of period (1,u,1, 1) in 3 dimensions
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6. What’s next:

ple of a polytope of period (1,u,1,1)

dimensions







Skew Unimodular Transformations



